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Forewords

The 7" SLovak-CzEcH CONFERENCE ON GEOMETRY AND GRAPHICS
was held on September 13-16, 2021 in the educational and recreational
facility of the Slovak University of Technology seated in the manor house
in Kocovce, Slovakia. Conference was the next successful common event
of two traditional conferences organized by national societies for geometry
and graphics, 30" SymposiuM oN CoMPUTER GEOMETRY SCG “2021
in Slovakia and the 41*" CONFERENCE ON GEOMETRY AND GRAPHICS in
the Czech Republic, arranged under the leadership of the Slovak Society
for Geometry and Graphics.

Relatively few participants, 34, from 3 countries — Slovakia, Czech Repub-
lic, and Austria, attended conference in the still threatening COVID-19
pandemic situation. However, the atmosphere of the meeting was all the
more cordial and enjoyable, as many participating colleagues were happy
to attend this event as the first conference held in present form after the
severe pandemic regulations, causing frustrating isolation enabling scien-
tific communication restricted only to distance on-line meetings.

The rich conference programme included lectures and presentations from
various fields of geometry and graphics. Three invited plenary lectures
were presented, with one additional invited presentation. Professor JAN
C1ZMAR presented in his opening talk Actual Message of the Euclidean
Elements a short overiew of the contents of thirteen chapters of the emi-
nent Euclidean work Elements (Stoicheia) in terms of today’s classification
of mathematical disciplines. His very first Slovak translation of this ama-
zing unsurpassed treatise on the basics of geometry is completely ready
for print, and is provided with a brief commentary on the content of
the work in the language of modern mathematics. MICHAL Bi1ZZARI from
West Bohemian University in Plzen, Czech Republic, showed in his invited
lecture Geometry and Tool Motion Planning for Curvature Adapted CNC
Machining how CNC machining remains still a rich source for challen-
ging problems in computing, leading to possible optimisation by a careful
geometric analysis of curvature-adapted machining via so-called second
order line contact between tool and target surface, which means in geo-
metry a new continuous transition between “dual” classical results in sur-
face theory concerning osculating circles of surface curves and osculating
cones of tangentially circumscribed developable surfaces. Invited lecture
Perception-Aware Computational Fabrication introduced to participants
how the current additive manufacturing can leverage the limitations of the
Human Sensorial System to increase the apparent gamut of a 3D printer
by combining numerical optimization with perceptual insights. Invited
speaker MICHAL PIOVARCI from the Institute of Science and Technology
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in Klosterneuburg, Austria showed applications of the proposed metho-
dology to designing objects with prescribed compliance, mimicking the
haptics of drawing tools, and manufacturing objects with spatially vary-
ing gloss. Professor Gunter Weiss from Austria described in his interesting
invited lecture Geometric Problems that Take Possesion of Me how he is
doing research: “It often starts with getting stimulated by an article or
a lecture at a conference. Putting one of its details in another context,
mostly a projective geometric one, and then, by looking for meaningful
generalisations, it is finally possible to extract a general principle which
brings together divergent and often well-known facts. The resulting aha
moments are almost addictive.”

Submitted 20 contributed talks from applied and pure geometry, graphics
and education of geometry are published in this proceedings. As usually,
traditional GeoGebra Workshop was an important part of the conference,
as speakers presented their experience using dynamic mathematical pro-
grammes in their everyday pedagogical practise, and shared own develo-
ped teaching materials and solutions.

Conference was organized by the Slovak Society for Geometry and Gra-
phics at the Institute of Mathematics and Physics, Mechanical Enginee-
ring Faculty of the Slovak University of Technology in Bratislava, Slova-
kia. Social programme included the tour to nearby castles Beckov and
Cachtice, and visit to the Park of Miniatures in Podolie, where models
of more than 50 Slovak castles, manor houses and historically important
buildings are on display. Conference dinner was held in the pleasant envi-
ronment, while participants were singing with great joy, accompanied by
the violin performed by colleague Alexej Kolcun.

We would like to invite all interested parties to attend the next joint
event of the 424 CONFERENCE ON GEOMETRY AND GRAPHICS and the
315" SympostuM oN COMPUTER GEOMETRY SCG “2022 that will be
held again together in 2022 by representatives of both national societies
for geometry and graphics as the 8™ CzECH-SLOVAK CONFERENCE ON
GEOMETRY AND GRAPHICS in the Czech Republic, in the Moravian old
historical city Olomouc, under the supervision of the Czech Society for
Geometry and Graphics.

Let us keep the good tradition of our common meetings deeply rooted in
the history.

October 25, 2021

Daniela Velichova Miroslav Lavicka

chair of SSGG chair of CSGG
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Curvature Adapted CNC Machining and
Geometry Beyond

Michal Bizzarri

Department of Mathematics & NTIS, Faculty of Applied Sciences,
University of West Bohemia, Univerzitni 8, 301 00 Plzeri, Czech Republic
bizzarri@kma.zcu.cz

Abstract. CNC machining is the leading subtractive manufacturing technol-
ogy. Although it is in use since decades, it is far from fully solved and still a rich
source for challenging problems in geometric computing. We demonstrate this
at hand of 5-axis machining of freeform surfaces with toroidal cutters, where the
degrees of freedom in moving the cutting tool allow one to adapt the tool motion
optimally to the surface to be produced. It is based on a careful geometric
analysis of curvature-adapted machining via so-called second order line contact
between a tool and a target surface. This article is a commented version of
paper [1] presented at Siggraph 2021 and published in ACM Transactions on
Graphics.

Keywords: Computer-Aided Manufacturing, CNC machining, curvature adapted
machining, computational fabrication, path planning, motion planning

1 Introduction

One of the most important fabrication techniques is Computer numerically con-
trolled (CNC) machining, where a piece of raw material is cut into a final desired
shape by a controlled material removal process. Material is cut away by a mov-
ing tool that spins with high speed around its axis. We will show, there is a
variety of methods from classical geometry, geometric modeling and optimiza-
tion, which can be effectively used for advances in CNC machining.

The initial stage of CNC machining, called roughing, starts with a solid ma-
terial block from which most of redundant material is removed. This proceeds
in parallel layers, leading to staircase effects near freeform surfaces. Roughing
may be followed by semi-finishing where the most prominent staircase effects
are removed. We are interested in the final finishing stage, which has the goal of
producing nearly perfectly smooth surfaces.

Our focus is on path planning for curvature adapted CNC machining of
freeform surfaces. The main idea is to move the cutting tool such that it opti-
mally adapts to the local geometry of the surface to be produced, thereby achiev-
ing a high quality surface finish.

The best possible tool positions are close to those which provide so-called
second order line contact. Hence, we carefully study second order line contact
between toroidal tools and a given surface. Restricting to only those positions
which are free of collisions we formulate the integration of tool positions into
tool motions as a geometric optimization problem.
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2 Geometry
2.1 Basic geometric model

The cutting tool 7' itself is complicated, but under fast rotation about its axis it
generates a rotational solid. We are especially interested in toroidal tools, where
the active part of the profile, that is the one which is designed for cutting, is a
circle of radius r. The center of the cutting circle lies at distance m from the
axis and under rotation about the axis it generates the medial circle c,, of radius
m, see Fig. 1.

Some toroidal tools are constructed such that it is possible to use the inner
parts of the cutting circles which corresponds to the hyperbolic part of the torus,
with which we can approach convex surfaces.

Figure 1: Left: Toroidal cutting tools with small and significant recess, respec-
tively. Right: Their geometric simplification as meridians of rotational solids.

During the machining process, the tool 1" accesses the target surface .S from
the positive side (this is the side in which the normal vectors are pointing) and
moves under a sequence of continuous motions. The tool is tangent to the sur-
face along cutter contact curve (milling path) ¢; and envelopes a surface E; (ma-
chined surface), which ideally fits very well to the target surface in a sufficiently
broad surface strip around c;. Neighboring contact curves generate envelopes
whose intersection curve s; will in general exhibit tangent discontinuities and
contain the largest deviations between the target surface and the produced sur-
face, see Fig. 2. These so-called scallop heights shall be as small as possible in
order to obtain a good surface finish.

Figure 2: Tool envelopes. Three paths of
a milling tool through a material block are
shown. The neighboring envelopes of the
tool’s motion, F; and F;4;, intersect in a
curve s;, where the milling error is typi-
cally maximal. This phenomenon is called
scalloping .
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2.2 Local contact situation

In our algorithm we distinguish several types of points based on the signs of the
principal curvatures. We arrive at the following cases:
(a) K1, ke < 0. Convex elliptic point.

(b) k1, ko > 0. Concave elliptic point.
(c) K1k2 < 0. Hyperbolic point.
(d) k1Ko = 0. Parabolic/flat point.

To analyze the local contact situation between the tool 1" and the target sur-
face S we employ the osculating paraboloids. When aligning z, y, z-axes with
the two principal curvature direction ty, to and the normal vector n, the osculat-
ing paraboloid Pg of S is given by the following formula

2z = mxz + Hgyz.

The osculating paraboloid contains information about the variation of normal
curvatures k,, —a normal section of Pg with a plane spanned by the normal and
the tangent vector (depending on the rotational angle ¢) is a parabola (or straight
line), whose curvature satisfies the Euler’s formula

Fin(¢) = k1 cos® ¢ + Ky sin® ¢,

The distribution of normal curvatures is nicely visualized with the Dupin indi-
catrix
ig: Kiz? + Kkoy? = 1,

which is a radial diagram of the function 1/+/|k, (¢)].

Analogously, we investigate the curvature behavior of the tool surface 7.
One principal direction ke of T lies in the projec-
tion A’ of the tool axis A onto the tangent plane. In
the principal frame of S it shall be given by ky :=
—tysin¢g + tacos¢. The other principal direction
k; = ticos¢ + tasing of T is tangent to the rota-
tional circle on T. We call ¢ the rotational angle of
the tool, and the angle i between tool axis A and the
surface normal n at the contact point p the tilt angle
of the tool.

Let us provide more details on the fool indicatrix i, see Fig. 3. The prin-
cipal curvature radius corresponding to ks is 7. The principal curvature radius
corresponding to k; is equal to the radius Rj; of a sphere (Meusnier sphere; see
below) which touches T along c¢,. Rps is computed from tilt angle ), medial
circle radius m, and profile radius r as

m
Ry = .
M T+sin1/J
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o+
T

() ' (b)

Figure 3: Tool indicatrix for a convex elliptic point on a toroidal cutter (a),
and the negatively curved part of a toroidal cutter (b). In (c) we illustrate the
geometry leading to the normal curvature radius R ;.

Although we usually speak about surfaces, we have to keep in mind that
the actual tool and the actual surface to be produces are solids. Therefore it
is useful to view also the osculating paraboloid Ps and Pr as a boundary of a
solid Pg and Pr. Than, the local millability requires that the intersection of
Ps and Pr consists of the single point. This actually means that the osculat-
ing parabolid Pr lies above the osculating paraboloid Ps except at the contact
point p. Equivalently, the corresponding Dupin indicatrix regions should have
no common point, see Fig. 4.

Figure 4: Locally collision free positions visualized via osculating solids and
indicatrix regions for tool and target shape. From left to right: A concave point
of S milled with a convex cutter; a hyperbolic point of S milled with a convex
cutter; a convex point of .S milled with a negatively curved cutter.

2.3 Second order line contact

In order to achieve a higher order contact between the tool and the
reference surface we introduce the so-called second Pr

order line contact. Rotating the tool about the contact
normal n may bring the osculating paraboloids closer
together until in a limiting position they are tangent to
each other along a parabola in a plane D through the
contact normal. Equivalently the indicatrices ir, g
are tangent to each other at the end points of a com-

Ps
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mon diameter with direction vector d.

In general it implies that there are curves cs C S and ¢ C T (e.g. the
intersection curves cg = D NS, ¢y = D N'T) which have second order contact
at p. This situation is called second order line contact and can be characterized
with help of the ruled surfaces Ng, Ny formed by the surface normals of S along
cs and normals of T along cp ([2], pp. 457): Two surfaces S, T are in second
order line contact at p if there are curves cs C S and cp C T whose normal
surfaces Ng and Nt are tangent to each other along the entire common normal
at p.

Since offset surfaces possess the same surface normal at corresponding
points, the offsetting keeps second order line contact and thus we conclude:
Torus T" with profile circle radius 7 is in second order line contact with a surface
S, if its medial circle c,, has second order contact with the offset .S,. of S at
distance r, see Fig. 5.

~d ~d
Figure 5: Circle ¢, in 2nd order line contact with S,. lies on the Meusnier sphere
(left). The corresponding torus " possesses 2nd order line contact with S (right).

Thus, offsetting brings us to the offset surface S, and the medial circle ¢,
of T'. There is a Meusnier sphere for the offset, and reversing the offsetting
operation, we obtain the following nice local situation: All tools with a fixed
profile radius  which are in second order line contact with a surface .S at a point
p at a rotation angle ¢ are tangent to a sphere M (r, ¢) along a circle. This ool
Meusnier sphere M touches the target surface at the contact point p, see Fig. 6.

Applying Euler’s formula for the variation of normal curvatures to the offset
surface, we obtain the formula for the radii of the tool Meusnier spheres

_ Ry(Ry—) cos? ¢ + Ry(Ry — r)sin? ¢
(Ry — 1) cos2 ¢+ (Ry —r)sin? ¢
where R; = 1/k;, ¢ = 1,2, are the principal curvature radii. Than the tilt and

rotational angles of a tool 1" having the second order line contact (in a direction
d = cos(d)ty + sin(d)tz) with S are given by

Ry

m 1—-7rk
siny = v cot ¢ = 7100‘56,

M =T 1— 1Ko
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M

P 7—59
Figure 6: Tool Meusnier spheres at an elliptic point (left) and a hyperbolic point
(right) of the tool.

see [1] for more details. The above formulas provide a correspondence between
the tilt and rotational angle for the second-order line contact — for a specific rota-
tional angle the tilt angle has to get adapted which yields one-parameter family
of solutions. It is shown in [1] that these solutions form one wedge (at elliptic
point of S) or two wedges (at hyperbolic point of .S) of admissible directions d
along which 2nd order line contact of 7" with \S' can be obtained.

The 2nd order line contact means a very good local approximation as the
distance error between T" and S in d behaves as O(h?), h being a parameter that
parametrizes the medial circle c,,, see Fig. 7. However, the cubical behaviour
of the error function corresponds to a sign change at zero (contact point p) and
consequently local penetration in the very neighborhood of p. This phenomenon,
called “gouging” in the machining literature, is very undesirable as it directly
implies overcutting at p.

Figure 7: Osculation. The medial circle of the
torus, ¢,,, has second order contact with S, at q.
The osculation implies local penetration of c,, and
Sy in the neighborhood of the contact point q. That
is, in the plane of c,,, v, the circle intersects the
surface-plane intersection curve (black) at q.

We fix this phenomenon by increasing the tilt angle 1) about £ > 0. This is
the same as working with slightly smaller tool Meusnier spheres and considering
tools tangential to those. This fixes the penetration locally, i.e., close to p, but
may lead to global collision, discussed next.
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3 Accessibility and collision avoidance

To control global collisions, we perform collision tests as follows. The head of
the milling cutter is conceptualized as a torus while the shank is represented by
a cylinder (the real shank is a more complex object, but its cylindrical bound is
taken for the sake of simplicity).

Figure 8: Global collision detection
test. The medial circle and the axis
of the tool are sampled and their
footpoints on S are computed. The
collision-free footpoints (green) and
those that correspond to collision
(red) are returned.

To detect a collision of the head, we sample the medial circle ¢,, and com-
pute the footpoints on S. For a sample point p;, the projection algorithm returns
its footpoint p;-, see Fig. 8, and a distance check ||p; — pi-|| < 7 reveals the
collision (up to sampling of ¢,,). For the cylindrical part, we proceed analo-
gously: we sample the axis A, compute the footpoints on S, and if lying in the
half-space of the shank part, a distance check ||p; — pi-|| < r + m is evoked.
If the collision is realized at some point, the collision routine is terminated (and
the corresponding tangent direction d is labeled as colliding).

4 Tool motion planning

With the second-order analysis and collision tests at hand we can move on in our
algorithm to the tool motion planning.

4.1 Contact path construction

We start with the contact paths construction. For the input geometry S and
tool T" we perform the analysis at sampled points p; € S and end up with the
set of wedges, see Fig. 9 (a). The green wedges contain directions providing
the second-order line contact positions that are also globally collision-free; red
wedges correspond to the second-order directions where a collision occurs; at
white wedges only the first-order contact is possible.

We design the milling paths ¢c; € S, j = 1,...,n, as level sets of a scalar
function G : S — R defined on S, see Fig. 9 (b). The function G is computed
within an optimization-based framework as follows.

In our discrete setup, S is represented by a triangle mesh with IV vertices p;.
G is assumed to be linear in each triangle and thus defined by its values x; at p;.
The vector x = {1, ...,xy} of function values at vertices is the unknown of a
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Figure 9: Contact path con-
struction. (a) Second-order
analysis and collision tests
yields three types of directions.
(b) The contact paths are com-
puted as level-sets of a scalar
function G.

minimization problem. Its objective function is composed of three parts:
F(X) = W1 Fortho(x) + wo Ffair(x) + w3 Fparallel(x),

see [1] for more detail. F,,.;n(x) forces the contact paths to go as orthogo-
nal as possible through the green wedges. The fairness term F'r,;-(x) ensures
that the scalar function is nice and fair leading to nice and fair contact curves.
Finally, Fjqraue1(x) votes for the contact paths to be parallel in the geodesic
sense. Scalars w1, ws, and ws are weights to control orthogonality, fairness, and
parallelism of the milling paths, respectively.

4.2 Tool motion planning

Once the contact paths are computed, the motion construction inheres in finding
smooth rotation ¢(t) and tilt ¥(¢) functions along each path c(t). Since we
aim at parallel envelope strips with equal widths, we do not further optimize the
rotation angle and choose the tool axis in the plane spanned by the path tangent
and the surface normal at c(t).

Thus, the tool motion is optimized only via the tilt function 1/(¢), which is
constructed as follows: We sample parameter values g, ..., % € [0,1] and for
each t;:

(i) Compute the tilt angle v; corresponding to the 2nd order line contact (if
there is no 2nd order line contact possible, 1 = 0).

(ii) Sample values for tilts from [1); +e¢, 7] and perform the collision detection.
Penetration-free positions correspond to the interval [¢{, 1}], see Fig. 10,
top.

Intervals [, 1)}] determine a region of admissible tilts. Thus, tool motion
planning is translated to the construction of a function t(t) through the green
region, which is (a) close to the bottom boundary ¢ (yielding tool orientations
close to 2nd order line contact) and (b) possesses a nice distribution of curvature
(yielding a fair motion of the tool), see Fig. 10, bottom. This leads to a quadratic
minimization problem with constraints, see [1] for more details.

5 Conclusion

We have introduced a path-planning pipeline for curvature adapted 5-axis CNC
machining of free-form surfaces. We conduct curvature analysis to compute
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1
& Figure 10: Tilt function construction. Top:
Collision tests at sampled values along
0 . .
i a contact curve c(t) determine intervals
W [¢9, 1] (green) of admissible tilts yielding
¢ . t’ penetration-free positions of 7. The values
K2

1; correspond to 2nd order line contact posi-

tions (if possible). Bottom: Tilt function con-

\/ — struction — we look for a nicely shaped smooth
P(t) spline function i .

pline function in the corresponding smooth

/\/\ green (penetration-free) region.

>

t

tangent directions along which second order line contact between a toroidal cut-
ting tool and the reference surface is possible, followed by a global collision
detection test to remove positions that are not physically realizable. We use this
analysis to design collision free tool motions which yield nearly parallel milling
strips and generate surfaces which well approximate the target geometry and re-
duce kink angles at intersections of neighboring strips. As a result, our approach
offers highly accurate machining that needs a lower number of milling paths. We
have tested the proposed methodology on various free-form surfaces, compared
it to state-of-the-art CAM path-planning software, see Fig. 11, and validated it
by real machining experiments, see Fig. 12.
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Figure 11: Comparison with a commercial software. Two free-from surfaces
are approximated by n = 28, and n = 14 milling strips, respectively, using
our algorithm (a) and the commercial software SprutCAM (b). The machined
envelopes are color-coded by the error to the reference surface. Our algorithm
produces a much smaller machining error (undercutting) and thus a better sur-
face finish.

Figure 12: Physical validation. Left: As the real machining is time demanding,
a sparser set of the milling paths was used. The surface contains all types of
points (convex elliptic, hyperbolic, concave elliptic), yet the transition between
these regions is very smooth. Right: A zoom-in figure of a fine finish with a
marginal scalloping effect; note the smoothness of the silhouette.
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Aktualny odkaz Euklidovych Zdkladov
Up to Date Message of the Euclid’s Elements

Jan CiZmar
jan.cizmar85@gmail.com

Abstract. The first complete translation of the Euclid’s Elements into Slovak
offers an opportunity to reflect newly the significance of this work in the school
practice, especially in the writing textbooks as well as in the teaching
elementary geometry in the higher forms of the grammar schools. A relatively
profound acquaintance with the essence of the axiomatic-deductive method in
the elementary geometry is a very desirable knowledge of every well-educated
person nowadays.

Keywords: ambiguous Euclid’s terminology, axiomatic-deductive method

Klicové slova: viacznaéna Euklidova terminoldgia, axiomaticko-deduktivna
metdda

1 Uvod

V dohladnom ma vyjst vo vydavatel'stve PERFEKT, as., prvy tplny
slovensky preklad a komentar najvyznamnejSicho diela antickej matematiky —
Euklidovych Zakladov. Dvadsattri storoci, ktoré uplynuli od vzniku tohto
impozantného suhrnu celej teoretickej starovekej matematiky sformovanej
v prostredi gréckej kultary priblizne do konca 4. storo¢ia pred naSim
letopoctom, dokonale preverilo a potvrdilo kI'i€ovy vyznam tohto pramena pre
vyvoj matematiky ako exaktnej vedy. Dominantné rysy diela, z ktorych medzi
najvyraznejSie patri uplnost’ zachytenia obsahu vsetkych podstatnych vysledkov
profilujucich obraz dobovej teoretickej matematiky, systematickost spracovania
prezentujica matematiku ako jednotny celok previazany obsahovymi
a logickymi suvislostami a prikladné reSpektovanie zasady postupnosti, ktora
bola ako jeden zhlavnych didaktickych principov sformulovana v ovela
neskorsich historickych epochach, predurcovali dielo do vzoru uc¢ebnic na dlhy
Cas a pre mnohé oblasti vedy vyspelych civilizacii. A axiomaticko-deduktivna
metéda spracovania, ktorej koncepciu dovi§il nedlho pred Euklidom
Aristoteles, uplatnena v Zdakladoch na vybudovanie obsahovej vedeckej tedrie
totalne a S jednoznacnym uspechom potencidlne otvarala cesty nasledovania
v partikuldrnych odvetviach matematiky aj v d’alSich blizkych vedach, najmi
prirodnych a aplikovanych.



22 Cizmar Jan

2 Kratky naért obsahu Zdkladov a jeho zdroje

Prvé poznatky teoretickej povahy z oblasti exaktnych aj aplika¢nych disciplin
(matematika, astronémia, geodézia) Cerpala rodiaca sa grécka matematika od
6. storo¢ia pred na$im letopoftom zbohatého empirického materialu
zhromazde-ného pozorovanim, plnenim praktickych uloh v mnohych sférach
ekonomického, spravneho a politicko-vojenského fungovania spolo¢nosti
Vv §tatnych utvaroch na uzemi starovekého Egypta a Mezopotamie, systemiza-
ciou a zov$eobectiovanim tdajov z pozorovania opakujicich sa periodickych
javov. O vplyve tychto zdrojov na matematické spisy Talesa a Milétskej $koly,
ako aj Pytagora a jeho $koly niet pochyb vzh'adom na potvrdené pobyty Talesa
a Pytagora v uvedenych krajinach. Znalost’ egyptskej a babylonskej matematiky
dosved¢uju aj zrejmé stopy tychto prameniov v dielach Demokrita a Eudoxa,
hoci priamy fyzicky kontakt tychto osobnosti s u¢encami spomenutych tzemi
nie je spolahlivo potvrdeny. Je vSak zjavné, Ze osvojenie si matematickych
poznatkov starSich civilizacii gréckymi pokra¢ovateI'mi bolo spravidla spojené
S hlbsim prienikom do podstaty tematiky a so zovsSeobeciiujiicim obsahovo-
logickym pohl'adom na jej miesto a stvislosti v sustave dobovej matematiky.

K takémuto zdokonalovaniu a zvySovaniu urovne abstrakcie star$ieho
vyvinového stupnia matematiky prispeli grécki autori za tri storoCia (priblizne
do roku 300 pred nasim letopoctom) celym radom novych objavov, tykajicich
sa obsahu, metdd a prostriedkov matematiky, ktoré ju zaradili po stranke
obsahovej kompaktnosti a formalno-logickej dokonalosti na prvé miesto
v sidobej skupine exaktnych a prirodnych vied. Azda desiatky autorov,
z ktorych zavaznostou objavov objektov, ich vlastnosti a suvislosti, ako aj
formovanim metod tvorby a logického aparatu vynikali také vyznamné
osobnosti histdrie vedy, akymi boli Téles a jeho nasledovnici z Milétskej skoly,
Pytagoras ajeho Skola, $pecidlne Hippias, dalej Demokritos, Archytas,
Hippokrates (z ostrova Chios), Teodoros z Kyrény, Teaitetos a Eudoxos,
zhromazdili pozoruhodny objem vysledkov rozmanitej tematiky, znacne
rozdielnej urovne systemizacie aj podstatne odlisnej dolezitosti pre d’alsi vyvoj,
pokrok a logicktl Struktaru tedrie. Z pokusov navodit’ poriadok v nestrodej
zaplave novych poznatkov sa vynimalo Hippokratovo dielo Zaklady,
systemizujuce tedriu objektov spadajucich v dneSnom ponimani do oblasti
elementarnej planimetrie. Jeho uverejnenie vyse sto rokov pred Euklidovymi
Zakladmi nemohlo, prirodzene, dosahovat' rozsah a aktudlnost Euklidovho
diela.

Euklidova monografia Zdklady vstapila na historickl scénu nejaky ¢as po
roku 300 pred naSim letopoctom. V Case jej dokoncenia Euklides uz urcite
posobil vo vedecko-umeleckej institacii Museion, ktort v egyptskom meste
Alexandria, zaloZzenom Alexandrom Velkym, zriadil panovnik Ptolemaios I.
(Sotér) ako nastupca na tron uvolneny amrtim Alexandra Velkého a zakladatel
dynastie Ptolemaiovcov, vladnucej v Egypte do roku 30 pred na$im
letopoctom.
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Dve hlavné odlisnosti, ktorymi Euklidovo dielo predstihovalo diela
s porovnate'nym obsahom a zameranim, spo¢ivali v nasledovhom:

1. Dielo bolo systematicky zhrnutym a usporiadanym sthrnom vsetkych
dolezi-tych tematickych celkov sudobej teoretickej matematiky.
2. Metoda prezentacie obsahu je dosledne axiomaticko-deduktivna.

Obsah Zdkladov je zoradeny do trinastich tzv. knih, ktorych $pecifikaciu
mozno z pohl'adu dne$nej klasifikacie matematickych odborov, disciplin a ich
Casti nazvat’ nasledovne:

Kniha 1: Zaklady planimetrie

Kniha 2: Geometricka algebra

Kniha 3: Geometria kruznic a kruhov
Kniha 4: Pravidelné (rovinné) mnohouholniky
Kniha 5: Veli¢iny: pomery a imery
Kniha 6: Podobnost’

Kniha 7: Elementarna tedria ¢isel
Kniha 8: Spojité timery

Kniha 9: Aplikacie teorie ¢isel

Kniha 10: Iracionalne veli¢iny

Kniha 11: Zaklady stereometrie
Kniha 12: Obsahy a objemy

Kniha 13: Pravidelné mnohosteny

Vydanie Uplnych Euklidovych Zdkladov byva spravidla doplnené tzv.
knihou 14 atzv. knihou 15, ktorych autorom nie je Euklides, pochadzaju
z neskorSej doby, maji zretelne niz§iu teoretickii Groveit a dovodom ich
pri¢lenenia k (pravde-podobnému) origindlnemu Euklidovmu textu je zjavne
didakticky zamer poskytnut’ Ccitatelovi dopliiujice podrobnosti v tematike
naznacenej alebo stru¢nejsie spracovanej u Euklida.

Jednotlivé knihy Zdkladov — podla dne$nych kritérii kapitoly mierne nad
priemer rozsiahlej knihy — prezentuji zrejme v Euklidovej uprave aktualny stav
teorie v tych oblastiach matematiky, ktoré¢ v Euklidovej dobe boli uz dostatocne
diferencované a vyprofilované. Obraz stavu geometrie poskytuju knihy 1, 3, 4,
6, 11, 12, 13, aritmetiku sprostredkuju knihy 5, 7, 9 a 0 algebre informuju knihy
2, 8, 10. Pravda, hranice medzi disciplinami nie je vhodné chapat’ prili$ rigidne;
tyka sa to va¢8inou aritmetiky a algebry, ale napr. v pripade knihy 2 vyrazne aj
vzt'ahu geometrie a algebry. Pri nazve algebra treba mat’ na zreteli, Ze antika
tento termin nepoznala a europska matematika sa s nim vahavo a sporadicky
oboznamovala najskor od 10. storocia.

Vicsina matematickych poznatkov zahrnutych do Zdakladov pochadza od
poprednych imenej znadmych autorov patriacich k niektorym $kolam
a skupinam, no vyznamné vysledky dosiahli aj niektori autori pracujici
Vv pomernej izolacii. Elementarnogeometrické planimetrické texty boli na
pokrocilej Grovni spracované uz Hippokratom, ktory posobil okolo roku 420
pred na$im letopoétom v Aténach a mnohé informicie z jeho Zdkladov st
obsiahnuté v knithach 1, 3, 4, 6 Euklidovho diela. Podstatné casti teorie
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0 pomeroch a umerach, ako aj tedria exhaustacie, zachytena explicitne v knihe
12 aaplikacne aj v niektorych dalSich knihach, je pripisovand Eudoxovi.
Hlavni zasluhu na sformulovani klIucovych pojmov a odvodeni vicsiny
vysledkov v teorii iracionalit ma Teaitetos, ktory je aj objavitelom
pravidelnych mnohostenov dvanast’sten a dvadsat’sten, ked’ prvé tri — §tvorsten,
osemsten a kocku — poznali uz pytagorovci.

Euklidova zésluha spociva prinajmensom vo vybere, zoradeni a prepra-
covani rozsiahleho materidlu takym sposobom, Ze minimalne v jednotlivych
kapitolach pdosobi téma ucelene a uzavreto, text je podany zrelym tradi¢nym
Stylom a vSetky tematické celky st spracované axiomaticko-deduktivnou
metodou. Vysledkom Euklidovho tusilia je také hodnotné dielo, ze jemu
podobné, tym menej snim rovnocenné sa nepodarilo plnohodnotne
a v analogickom rozsahu zopakovat’ po celé dve tisicrocia. Napriek historicky
pochopitelnym medzeram a nedokonalostiam sluZzilo a v podstate dodnes je
vzorom budovania axiomaticko-deduktivnej teorie $pecilnej vedy.

3 Forma Zdkladov: jazyk a moZnosti interpretacie.
Sémantické a semiotické aspekty

Vznik Euklidovych Zdkladov Casovo spadd do rozhrania medzi aténskym
a alexandrijskym obdobim vyvoja starogréckej a grécko-helenistickej matema-
tiky (okolo roku 300 pred nasim letopoctom). Bertic do uvahy tento fakt,
pochopime bez zdihavej analyzy vplyv limitujucich faktorov konca aténskeho
obdobia na rozsah, hibku a kvalitu Euklidovho diela z pohladu jeho jazykovej
stranky, $pecialne zo sémantického a semiotického hl'adiska.

V prvom rade si treba uvedomit, Ze vduchu hlboko zakorenenej
pytagorovskej tradicie aZz do konca vyvoja starovekej grécko-helenistickej
matematiky (priblizne prva Stvrtina — prva polovica 6. storoc¢ia) sa pod pojmom
¢isla rozumeli len prirodzené Cisla (v dneSnej terminoldgii), aj to s chapanim
jednotky nie ako ¢isla, ale ako nedelitelného zékladu na aditivnu tvorbu ¢&isel.
Velka oblast’ objektov odvodenych od ¢isel tvorili veli¢iny, o boli v prvej
etape zaujmu matematiky o ne objekty nejakym spdsobom ohodnotitelné
kvantitativne pomocou (prirodzenych) Cisel. Reldcie a operacie, v dnesnej
teoretickej literature nasledujuce explicitne (t. j. definitoricky) bezprostredne
po zavedeni &isel v postupne budovanej aritmetickej Strukture, sa v starovekej
teoretickej matematike (Co plati aj pre Euklidovo dielo) zavadzali na akejsi
intuitivnej baze bez uvedomeného odlisenia vyznamu slova v prirodzenom
jazyku a vyznamu v jazyku vedeckej discipliny. Na ilustraciu: V Euklidovom
vyjadrovani chybaji pojmy (a adekvatne terminy) pre relacie, operacie
a vysledky v pripadoch scitovanie, odcitovanie, usporiadanie (mensi, vac¢si)
a derivatoch scitance, sucet, menSenec, mensitel, rozdiel. Analogické
nedostatky (z dnesného pohladu) sa vyskytuji pri operacii nasobenia, ktora sa
Vv porovnani s dne$nou metodikou vyucCovania zavadza spravidla inym
spésobom, operacia delenia pracuje s pojmami odmeriavania atd’. Identifikacia
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takychto rozdielov a chybajucich pojmov aterminov by stdla za podrobni
analyzu a povazujem to za naliehava ulohu, s ktorou by sa didakticka zlozka
naSej matematickej komunity mala v kratkom case vyrovnat. Metodika
vyuCovania aritmetiky na primarnom stupni Skolského vzdelavania je totiz
znatne blizka metédam budovania teérie tohto odboru v Euklidovych
Zakladoch.

Prv, nez sa pozornost’ prispevku plne zameria na jazykovu a terminologicka

stranku Zdkladov, niekol'ko poznamok sa dotkne hlavnych matematickych
metdd tvoriacich ich odbornu bazu. Ide o niektoré metddy, ktorych Gcinnost
a produktivnost’ bola dostatoéne preverena dlh$im vyvojom pred casom
Zdkladov, na druhej strane o relativne nové alebo celkom nové metody, ktoré
do suboru Zakladov vstupovali ako najnovsie vysledky Spickovych smerov
vyskumu. Dominantnou metédou prvej skupiny bola syntetické metoda
elementdrnej geometrie rozvijand na bdze prirodzeného jazyka od
prvopociatkov teoretickych pristupov v gréckej matematike, spajajuca
vSeobecne zrozumitené jazykové formuldcie s postupne rozSirujucou
a komplikujucou sa grafickou zlozkou vykladu. Druhou metédou, vydatne
podporujucou  exaktnost postupov  a presvedCivost  vysledkov, bola
geometricka algebra (ndzov zavedeny az koncom 19. storocia H. G.
Zeuthenom). Pozoruhodné boli dve relativne nové a vel'mi produktivne metody
S nadejne Sirokou sférou aplikacii, a to tedria proporcii a metéda exhaustécie,
o ktorych domyselné teoretické zaklady sa zasluzil najmd Eudoxos. A vel'mi
rozsiahla a vrcholne sofistikovand s netuSenou $kalou dalich naroénych
aplikacii bola tedéria kvadratickych a bikvadratickych iracionalit, ktorej
duchovnym otcom bol Teaitetos.

Na tejto teoretickej zékladni predstavil Euklides za pomoci skromnych
vyrazovych prostriedkov s malymi vynimkami celi teoreticki matematiku
svojej doby pomocou metddy, ktorej zasady celkom nedavno — pred par
desatroiami — dopracoval Aristoteles, vychadzajuc z pokroku logiky
a filozofie, ako vsSeobecnu metddu vystavby vedeckej discipliny. Je tfiou
axiomaticko-deduktivna metoda.

Podstatnou zlozkou tvorby tedrie touto metdédou je jazyk vzmysle
Specifického formalnologického jazyka predmetnej vedeckej discipliny.
Prirodzene, aj tento jazyk sa realizuje na baze prirodzeného jazyka, ale jeho
podstatnou zlozkou je Specificky stibor znakov charakteristicky pre dany vedny
odbor. — Tato zlozka v Zdkladoch chyba absolutne, ak neratame do nej
oznacovanie bodov pismenami pouZzivanej abecedy.

Jazyk Zdkladov je temer totalne rétoricky. V tom sa zakonite odraZa stupen
vyvoja starogréckej matematiky na konci jej aténskej etapy trvania. Pri¢inou
tohto javu bola najmd existenéna spatost’ odborného jazyka oboch hlavnych
disciplin dobovej matematiky — aritmetiky a geometrie — s prirodzenym
jazykom, z ktorého pochadzala takmer vylu¢ne cela terminologicka vybava
S minimom umelych novotvarov. Tato blizkost mala za nasledok aj znacne
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pomalé tempo pojmovej diferenciacie a vel'mi skromné obohacovanie termino-
logickej zasoby.

Prakticky chybala semiotickd (znakovd) zlozka (matematického) jazyka:
okrem alfabetického zapisu (prirodzenych) Cisel a ozna¢ovania bodov vel'kymi
pismenami prakticky neexistovali iné nez slovné vyjadrenia matematickych
objektov; ztoho prva zlozka, t. j. zapis konkrétnych cisel, vlastne nebol
stcastou ,,vy$Sej* matematiky. Prvé skromné zaliatky synkopického jazyka
(t.j. oznacovania objektov, relacii a operacii skratkami terminov pre ne) pre
oblast’ aritmetiky a algebry sa vnaznaku systému objavili az u Diofanta
v polovici 3. storofia nasho letopoctu; absencia tohto jazyka u Euklida je
pochopitel'na.

Vyznamnu tlohu v Zdkladoch ma zlozka interpretacnd, ktorej podstatou je
modelovanie objektov, relacii, operacii atd’. nejakej teodrie prostriedkami inej
teorie. V Zakladoch sa tento problém V podstate zuzuje na modelovanie
aritmeticko-algebrickych objektov a vztahov geometrickymi prostriedkami;
a tento problém sa tyka aj vzajomnych vztahov geometrickych objektov, ked
podstata tychto vztahov presahuje do oblasti kvantity. Dominancia
geometrickej interpretacie nevyplyvala z nejakej osobitnej naklonnosti Grékov
ku geometrii, ale z rozdielnej trovne stavu historického vyvoja jednotlivych
disciplin, ako aj zokruhu aktudlnych problémov v nich. Prednost'ou
geometrickej metddy je jej ndzornost’ a schopnost’ prvého odhadu vlastnosti,
vztahov arieSenia uloh, nedostatkom je neschopnost’ zachytit' kvalitativne
vlastnosti a rozdiely aritmetickych a algebrickych objektov.

4 Zaver

Aktualny vyznam Euklidovych Zdkladov spociva — okrem ich trvale hodnot-
ného obsahu a formy ako vzoru tvorby stredoskolskych a vysokoSkolskych
ucebnic elementarnej geometrie — Vv dvoch didaktickych aspektoch presahuju-
cich hranice matematiky. Prvym je reSpektovanie overeného poznatku, ze
adekvatna a korektnd terminologia je neoddelitelnou zlozkou ucebnice
rovnocennou sjej vecnym obsahom, a pestovanie navykov kultivovaného
pouZivania terminolégie je nevyhnutnou sucastou vyucovania. Druhym
odkazom Euklida je, Ze zakladné poucenie o axiomaticko-deduktivnej metdde
aukazka jej pouzitia vo vyucovani matematiky na strednej Skole ma svoje
miesto vo vzdelavacom a vychovnom programe. Pride ¢as, ked’ toto poznanie
prenikne aj do inych vyucovacich predmetov.

Literatura

[1] Euclid: The Thirteen Books of The Elements (preklad a komentar Th. L.
Heath), Dover Publications, New York, 1956
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Perception-Aware Computational Fabrication
Ludské vnimanie v po¢itacom riadenej vyrobe
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Haptic and visual feedback are important for assessing objects” quality and
affordance. One of the benefits of additive manufacturing is that it enables the
creation of objects with personalized tactile and visual properties. This
personalization is realized by the ability to deposit functionally graded materials
at microscopic resolution. However, faithfully reproducing real-world objects on
a 3D printer is a challenging endeavor. A large number of available materials and
freedom in material deposition make exploring the space of printable objects
difficult. Furthermore, current 3D printers can perfectly capture only a small
amount of objects from the real world which makes high-quality reproductions
challenging. Interestingly, similar to the manufacturing hardware, our senses of
touch and sight have inborn limitations given by biological constraints. In this
talk, 1 will demonstrate how we can leverage the limitations of the Human
Sensorial System to increase the apparent gamut of a 3D printer by combining
numerical optimization with perceptual insights. Instead of optimizing for exact
replicas, we search for perceptually equivalent solutions. | will show applications
of the proposed methodology to designing objects with prescribed compliance,
mimicking the haptics of drawing tools, and manufacturing objects with spatially
varying gloss.

Keywords: perception, computational fabrication, haptics, appearance

Hapticka a vizualna spdtna vizba st d6lezité pre hodnotenie kvality a dostupnosti
objektov. Jednou z vyhod aditivnej vyroby je, ze umoznuje vytvaranie objektov
s prispésobenymi hmatovymi a vizualnymi vlastnostami. Tato personalizacia sa
realizuje schopnostou ukladat’ funkéné materialy v mikroskopickom rozliSeni.
Verna reprodukcia skutoénych objektov na 3D tlaciarni je v§ak naro¢nym uasilim.
Velké mnozstvo dostupnych materialov a volnost’ v ukladani materialu stazuju
skumanie tlacitelnych predmetov. Suc¢asné 3D tlaciarne navySe dokazu dokonale
zachytit' iba malé mnozZstvo predmetov zo skutoéného sveta, ¢o komplikuje
generovanie vysokokvalitnych reprodukcii. Je zaujimavé, ze podobne ako
vyrobny hardvér, aj nase zmysly pre dotyk a zrak maju vrodené limitacie dané
biologickymi obmedzeniami. V tejto prednaske ukazem, ako mézeme vyuzit
obmedzenia 'udského senzorického systému na zvysenie zdanlivej Skaly 3D
tlaciarni kombinaciou numerickej optimalizacie a 'udského vnimania. Namiesto
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optimalizacie pre presné repliky hl'addme perceptudlne ekvivalentné rieSenia.
Ukézem aplikacie navrhovanej metodiky na dizajn objektov s predpisanou
deformaciou, napodobiiovanie hmatovej odozvy kresliacich nastrojov a vyrobu
objektov s priestorovo sa meniacim leskom.

Kracové slova: I'udské vnimanie, po¢itacom riadena vyroba, hmat, vzhl'ad
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Abstract. This article gives a description of my way of doing research: It often
starts with getting stimulated by an article or a lecture at a conference. Putting
one of its details in another context, mostly a projective geometric one, and then,
by looking for meaningful generalisations, it often becomes possible to extract
a general principle. Even so one starts with well-known facts, the resulting aha
moments are almost addictive. A first example of such topics is the Golden Mean.
Others are “Frégier’s theorem”, “planar circular bi-arcs”, “polyhedrons made by
setsquares”, “C"-biarcs of circles and conics”, the “theorem of Simson-Wallace”
“Stellae octangulae”. There remain still many open questions. Unfortunately, the
mentioned topics are not within the actual scientific mainstream, but their inner
beauty justifies to be curious and to struggle for getting answers to open
questions.

Key words: Golden Mean, Frégier, Simson-Wallace, C"-bi-arc of circles and
conics, stella octangula

1 Introduction

This Article concerns a very personal way to stumble over geometric questions
due to an education in Geometry in Vienna by teachers as Heinrich Brauner,
Josef Krames, Walter Wunderlich, and Hellmuth Stachel. But it is also due to
stimulation discussions and collaborations with Austrian and foreign colleagues
met e.g. at conferences on Geometry and Graphics abroad.

There will be descriptions of this personal approach to geometric research by
some examples of geometric topics mentioned in the abstract. Problems pop up
often by accident, and even so they mostly root in Elementary Geometry they
cause surprise, admiration, amazement, and curiosity. Such somehow outdated
material can give deeper insight and awareness for astonishing interrelations.

2 First example: The Golden Mean

This is a topic with hundreds of references, and it seems to be just a grazed lawn.
The topic finally was forced upon me by an “Iterated Polarizing Process” IPP
applied to a sextuplet of points in a real projective plane, see [8] and Figures 1
and 2. Each subset of five points defines a conic resp. its polarity, the remaining
6™ point maps to the polar line with respect to this polarity. After this first step
of the IPP we thus get 6 lines, and each subset of five lines defines a conic, resp.
its polarity. We map the remaining line to its pole, such that we, after the second
step of the IPP again get 6 points, see Fig.1. It turns out that the IPP has an
attractor. The limit figure is a so-called “Golden Hexagon”
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Fig. 2: Euclidean special attractors of the IPP, all of them are collinear;
(from [8]).

It turns out that each IPP has an attractor, and independent of the start-
hexagons, the resulting attractors are so-called Golden Hexagons. All of them
are collinearly related, see Fig.2 and [Weiss]. Furthermore, each partition into
two triangles delivers triangles in Desarguesian position, and on lines connecting
two points there occur two additional points such that the resulting quadruplet
defines a “Golden Cross Ratio” (for example, in Fig.2 we find CR(1,C,3,D) =
@). Itis well-known that four collinear points define, in general, six cross ratio
values

1 1 x-1 x
X l=x—=—,—
x 1-x° x "x-1
For a harmonic quadruplet there occur only three different cross ratio values,

namely x = —1, 2,%. For a golden quadruplet we get x = (p,i, (pz,%, -, —% ,
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this means that we get only four different absolute values, and there are no other
(real) cases with less than six cr-values.

Remark 1: This first example shows that it can be very fruitful to re-think
traditional approaches to a topic. In case of the Golden Mean, the tradition speaks
of a positive number (either ¢ = 1.618...0r 0.618 ...), which is one of the
solutions of a certain quadratic equation, where both solutions differ in sign. The
Greek concept proportion also deals with positive numbers, while the concept
ratio must consider a sign, too. The example above extends the golden ratio to
a projective geometric concept.

Remark 2: The following picture (Fig.3) collects some of the classical
generalisations of the Golden Mean resp. the Golden Ratio.

From Fibonacci sequence to e.g. Projective geom. versions
CD”(‘;‘,, Lucas-sequ., Padovan-sequ.; of Golden Mean,
4,,@{ ”o,_,sf quotient-limits occurrencesand o\é\“%
9.//1644'3(‘(-,00 solving alg. equations applications Qa"e‘ o™ o
g R 4 4 002 i
\ / e

Golden Mean (G. Ratio) |

LN

Gy
e , S,
o ’A\Q’d\_a""“ 3 Geometric constructions, O% 3
W00 G e higher dimensions, g, S ot
e o e y . By P,
e eo“yo" ‘\_‘N\ geometric properties Y, %’re @
R s (v.d.Laan, Rosenbusch, "% '&/ao
%052 Spinadel-Redonda,...) <

Fig. 3: Overview over generalisations of the Golden Ratio.

Fig. 3 also shows a classical way to find research topics:

- Consider a remarkable fact/figure/theorem.

- Ask, where it really belongs to, (Euclidean, affine, projective, ring
geometry).

- Ask, whether there exist relatives in other classical geometries.

- What happens with the considered fact, if translated to other geometric
model spaces?

- Are modifications or extensions to higher dimensions possible?

- Are there connections to other scientific disciplines and what about
applications there?

References to generalisations mentioned in Fig.3 can be found e.g. in [10], [16],

[17].

Remark 3: The architects van der Laan and Rosenbusch proposed a 3D-
version of the Golden Mean. While van der Laan used the solution ¢ = 1.32 ...
of the cubic equation x3 — x — 1 = 0 and called it “plastic number”, Rosenbusch
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used the equation x3 + x — 1 = 0 getting his “cubi ratio” ¢ = 0.68 ... Solutions
of cubic equations can be found as quotient limits of Fibonacci-type sequences
as well as by origami procedures. So, this viewpoint connects the topic with an
actual research field. (For further properties see e.g. [16].)

Remark 4: Usually the concept “Golden Spiral” is based on bi-arcs of quarter
circles within a nested set of “Golden Rectangles”. But any geometric
progression with factor ¢, applied to a circular arc, would give a discrete golden
spiral, too. For example, circular arcs with 72° or 108° give discrete golden
spirals within nested sets of regular pentagons, which, by the way, are “naturally
golden”. The concept “Golden Spiral” would suit best to a logarithmic spiral
r(a) = e*®, k = .

Remark 5: The golden spiral based on quarter circles leads to the question,
what about hyper-osculating quarter ellipses within a nested set of rectangles?
From the condition that curvature centres of adjacent arcs must coincide one
finally derives the equation z3 — z — 1 = 0, which is van der Laan’s equation.
The resulting spiral leads to the idea to consider C2-splines with conic arcs
through given curvature elements, see [1] and to C3-splines with conic arcs,
(a work in progress together with A. Gfrerrer and H. Havlicek).

3 Second example: The Theorem of Frégier

Theorem of Frégier: Given a conic c, inscribe right triangles with vertex 0 € ¢,
then the hypothenuses pass through a fixed point F, the “Frégier point” with
respect to (c, 0); (see Fig. 4).

Note that this is a generalization of the classical Theorem of Thales.

Fig. 4: Visualisation of the Theorem of Frégier.

An obvious first question is about the set {F} for all 0 € c. It turns out that it
is a similar concentric conic. When we replace the right triangles with triangles
having a fixed “angle at circumference”, the replacements f of the hypothenuses
envelop a conic, too, see Fig. 5, left.
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One can generalize Frégier’s theorem also to higher dimensions: A 3D-
version will read as follows: Intersect a quadric @ with ortho-tripods {0, abc},
0 € @ fixed, then the ”hypothenuse planes* envelop a Frégier-point F, see [11]
and Fig. 5, right.

Fig. 5: Frégier-type generalisation of right triangles to general triangles (left).
Visualisation of a 3D-version of Frégier’s Teorem (right).

Remark 1: There are many generalisations of Thales” Theorem, see e.g. [13]
and one can connect some of them also to Frégier’s Theorem. For example, let
the general quadric ® mentioned above be a sphere resp. a hypersphere with
diameter d = 1. Instead of the fixed hypothenuse [AB] according to Thales
consider a fixed vertex O according to Frégier. Then we find the
Result: The hypothenuse-hyperplanes of an ortho-frame with vertex 0 € ®
inscibed to @ pass through a point F, the Frégier point of O with respect to ®,

and dist(OF) = 1/, , see Fig. 6.

dim..n=2,3,4,5,..

Fig. 6: Frégier’s idea applied to a hypersphere ®.
For the proof of this result use a property of the diagonal of a hypercube.

Remark 2: The ortho-schemes occurring in RemarkZ1 leads to consider higher
dimensional versions of the Theorem of Pythagoras, see [2]. For example, if we
cut off a corner of a cube (Fig. 7, left), for the surface of the resulting three-sided
pyramid we get 3 - F2 = F2. For a general prism (Fig. 7, right) we similarly get
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F2, + Fi. + F2 = FZ,. , but validity of this formula does not characterize an
ortho-scheme, (see [2]). One might conjecture that such a Pythagoras-type
formula also can be derived in higher dimensions.

‘-u
’ \w

1 Fab
Fig. 7: A 3D-version of Pythagos’ Theorem is possible, see [2].

Remark 3: In Fig.4 the points O and F are fixed and one can consider the
mapping of the point P; to the point P, by right angle hooks at 0. In Fig. 4 it
turns out that the conic ¢ is mapped to itself, but one can consider such a mapping
for its own and call it “Frégier mapping” ¢, see [14] and Fig. 8, left.

Definition: Given points F, G in the projectively extended Euclidean plane, and
in G the involution L of right angled lines (g,g”). The Frégier mapping ¢ maps a
point P to P? := (FP) N (GP)*.

This mapping ¢ is a special quadratic transformation with a degenerate
exceptional triangle. It maps a line [to a conic [ and a conic of the pencil
spanned by [ and [¥ to another conic of this pencil, (Fig. 8, right).

Fig. 8: The Frégier mapping applied to a line (left) and
to conics of a special pencil of conics (right).

Obviously, one can replace the right-angle involution L at G by an elliptic or
parabolic or hyperbolic projectivity and even by a polarity. Furthermore, one can
consider non-Euclidean places of action as well as 3D-cases and higher order
mappings, see [14]. One can consider Frégier mappings also in generally normed
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planes (“Minkowski planes™), whereby L has to be replaced by one of the many
orthogonality concepts (e.g. the non-symmetric Birkhoff orthogonality) in such
a plane.

Surprisingly a well-known classical kinematic construction of a parabola as
the involute of a leg of a right angle hook can be interpreted as a special case of
the dualized Frégier mapping, (Fig. 9).

Fig. 9: The construction of a parabola (right) is a special case
of a dualized Frégier mapping (left)

4 Third example: Basket arches and splines with
circular bi-arcs

The medieval topic of basket arches was recently presented in a lecture focussing
at architecture at a Czech-Slovak conference, and even so it was threated in
earlier, didactical articles with focus on geometry, (see the references in [15]),
re-considering the topic again became fruitful.

In renaissance architecture basket arches were used because of the advantage
that parallel curves are basket arches, too, with the same centres, and that the e.g.
door vaults can be generated by (two types) of congruent stones, (Fig. 10). One
can find renaissance/baroque recipes for constructions of basket arches, but they
do not show geometric insight.

While in architecture orientation of the arcs is neglected, it becomes essential
for a geometry-based construction: Given two ordered and oriented line
elements (P, t;), (P, t;), construct (oriented) arcs through them, which touch
each other at a transition point P;, with prescribed direction t,, .

These givens make it possible to construct a unique solution, whereby the
construction tools are purely elementary geometric, see [15]. If the direction t,,
is parallel to P; Vv P,, then, (/with suitable orientations), P;, becomes the incentre
of triangle P,P,S, (S =t; Nt,), Fig. 11, left. If the given line elements are
vertices and vertex tangents of an ellipse (Fig. 11, right), the basket arch with
this special transition point is best approximating the ellipse.
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Fig. 10: The principle of basket arches (left) and the construction
by interpretation as C*-spline of circular arcs (right).

While in architecture orientation of the arcs is neglected, it becomes essential
for a geometry-based construction: Given two ordered and oriented line
elements (Py, t;), (P,,t,), construct (oriented) arcs through them, which touch
each other at a transition point P;, with prescribed direction t;, .

These givens make it possible to construct a unique solution, whereby the
construction tools are purely elementary geometric, see [15]. If the direction ¢,
is parallel to P; Vv P,, then, (/with suitable orientations), P;, becomes the incentre
of triangle P,P,S, (S =t; Nt,), Fig. 11, left. If the given line elements are
vertices and vertex tangents of an ellipse (Fig. 11, right), the basket arch with
this special transition point is best approximating the ellipse.

Fig. 11: The incentre of triangle P, P,S is a transition point (left),
optimal approximation of an ellipse (right).

Even so the authors of [15] could not find hints, how arcs in islamic
architecture were constructed, the “incentre-case” delivers very good
approximations of such arcs, see Fig. 12.
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Fig. 12: The “incentre-case” applied to Islamic Architecture.

5 Fourth example: Polyhedrons with the setsquare

This a topic, which aims at being applied in high school geometry or maths
courses. It is due to an oral communication with Daniel Willie Rodrigues (2020,
Brasil). In an e-mail he wrote that he designed an equifaced octahedron the faces
of which are isosceles right triangles and that its diagonals have relations with
the Golden Mean, see Fig. 13.

What about a classroom task, eight pupils making this octahedron with their
— hopefully — congruent standard setsquares? (The only additional needs are
some adhesive tapes.)

Fig. 13: The “Rodrigues-octahedron” with congruent isosceles right triangles.

This is a playground with some systematics and many aha-moments, and it is
offside the beaten track about Platonic solids. If one starts e.g. with a cupola over
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a triangle, a square or a pentagon, one can add these objects to the faces of
platonic solids or simply glue them together with a reflected cupola. One can
build antiprisms and even helical polyhedrons and, within limits, movable
Mobius stripes, see [12] and Fig.14.

Fig. 14: Examples of polyhedrons with congruent setsquare faces.

6 Fifth example: Movable “stellae octangulae”

In 1988 H. Stachel discussed the motions of a pair of regular tetrahedrons such
that the edges of one slide along the edges of the other, ([7]], Fig. 15). He found
that there is even a two-parameter freedom for these motions.

6

Figures from H.Stachel’s paper

Fig. 15: Motion of one tetrahedral part of a stella octangula against the other.

Here arises the question, whether the regularity of the stella octangula is
essential. Are there other pairs of then necessarily indirect congruent tetrahedons,
which allow at least a one-parametric set of motions? It turns out that equifaced
tetrahedrons, - they form in the start position a stella octangular with a prism as
convex hull -, are candidates for such movable pairs of tetrahedrons, see Fig. 16.
Here the pairs of edges are generators of hyperboloids of revolution. Rotation of
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one tetrahedron around the axis of such a hyperboloid transforms intersecting
pairs of generators into intersecting generators. The analysis of this still special
case and the general cases is ongoing research.

Fig. 16: Candidates for movable stellae octangulae.

7 Sixth example: The Theorem of Simson-Wallace

One can find this theorem in books on Elementary Geometry, and there are
already many references concerning generalisations, see e.g. [3],[4],[5], [6], [9].
The following considerations were stimulated by a lecture of B. Odehnal (22"
Coll. on Geom. & Graphics 2021, Ciovo, Croatia).

The original Theorem of Simson-Wallace (SW-theorem) reads as follows
(see e.g. [18] and Fig. 17, left):
Theorem of Simson-Wallace (1799): Given a triangle ABC in the Euclidean
plane , then the pedal points with respect to a point P € 7 on the sides
AB, BC, CA are collinear, if and only if P is a point on the circumcircle of ABC.

Fig. 17: Visualisation of the SW-theorem in the
Euclidean plane (left) and in the hyperbolic plane (right).

Here one observes that

a) The formulation of the SW-theorem uses the misleading term “triangle”
instead of “trilateral”.

b) Three points are collinear, if a certain determinant vanishes. By using the
projectively enclosed Euclidean plane as place of action together with



40 Weiss Gunter

homogeneous coordinates this gives an equation of degree three. Its
solution is the well-known circumcircle plus the ideal line of the plane!
For example, the hyperbolic-geometric version of the SW-locus is
indeed an irreducible cubic of genus 1, (Fig. 17, right).

c) Special cases of the given trilateral were never studied. It turns out that
the ideal line then can count (at least) twice and that, for three given lines
through a common proper point, this point W is even a SW-locus
component of dimension 0, (Fig. 18.).

Fig. 18: The SW-locus for two special cases of triplets a, b, c.

Even so there exist already many generalisations of the SW-Theorem
concerning higher dimensions and other geometries (including metric spaces, see
References), a systematic study for SW-loci for n lines in the (projectively
extended) Euclidean plane is still missing. Here occurs a wide field of interesting
open questions waiting for answers. The following table 1 might give a hint, how
such a systematic treatment could proceed:

n=3 Classical SW-theorem SW-locus = circumcircle +
det=0 (and det = const) ideal line
n=4 | a) Intersection of 4 circumcircles.. Miquel point, focus of
unique parabola
b) 4 concyclic pedal points......... SW-locus = cubic of genus 1
+ ideal line
n=5 | a) 5 Miquelpoints ................... = Theorems of S. Kantor,
Ch. J. Hsu, K. Hirano
b) Intersection of 5 SW-cubics ..... | ??? open problem
€) 5 pedal points on a parabola ..... | ??? open problem
n=6 | a) SetofMiquel points .............. = Theorems of S. Kantor,

Ch. J. Hsu, K. Hirano
b) Configuration of 30 SW-cubics... | ??? open problem
¢) Configuration of 6 SW-loci of

tYPEN=5,C) covvniiiiiiiiian, ??? open problem
d) 6 pedal points on a conic.......... = SW-locus in general of
degree 12
n=7 | e.g. 7 pedal points on a strophoid ..... 7?7 open problem

Table 1: Proposal of a systematic study of SW-Loci for n lines
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Remark: In the lecture of B. Odehnal mentioned above he presented the
following result: The SW-locus for a complete quadrangle such that the pedal
points belong to a conic is a curve of 7" order. The degree reduction is caused
by the fact that the ideal line is a priory a component of the SW-locus and, as
four times there are three lines through a point (see Fig.18), this reduces the
degree by four in addition.

8 Conclusion

In spite there are still many other topics one could have mentioned, the idea how
to find interesting research problems hopefully could be shown by the preceding
examples. Furthermore, the presentation aims also to show that “Computer
Aided Theorem Proving”, which indeed makes sure that a conjectured fact is
true, rarely tells us, why it is true. There also come no hints how to generalise the
considered fact or to find connections with other topics. Via synthetic reasoning
one can get a closer view to the “why” as well as a wider view to connect the fact
with other facts.

Final remark and acknowledgement: The author is deeply indebted to his
geometer-friends all over the world for continuous support, stimulating
discussions, and for sharing their ideas and knowledge with him.
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Curves of Tschirnhaus Type — Brief Commentary
on Interpolations
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Abstract. Recently, a class of polynomial curves which are, in some sense,
a generalization of the famous Tschirnhaus Pythagorean hodograph (PH)
cubic was presented and discussed in [1]. Although the research was mostly
theoretical as applications of PH curves of Tschirnhaus type are as limited as in
the case of the cubic, certain interpolation procedures can be formulated when
biarcs are used. For instance, the C'* or C? joints can be easily expressed in
the “language of generating triangles” and the corresponding computational
formulas possess a simple form.

Keywords: Pythagorean hodograph curves, Tschirnhaus curves, Hermite
interpolation

1 Introduction

A planar polynomial parametric curve x(¢) = (x(¢),y(t)) with the hodograph
h(t) := x/'(t) = (2'(t),y'(t)) is a Pythagorean-hodograph curve (shortly PH
curve) if the components of its hodograph curve h(t) fulfill the condition

()] = 2'(t)* + 3/ () = o (t)?, ey

where o (t) C RJt]. Their parametric speed is polynomial, which is an important
property, e.g., for formulating efficient real time interpolator algorithms for CNC
machines. Another distinguished feature is that they possess rational offsets. For
more details see e.g. [3, 2, 4] and references therein.

Figure 1: Control polygon of the Tschirnhaus PH cubic.

It is a well known fact that there exists only one planar PH cubic — the so
called Tschirnhaus cubic, see [2]. Considered as a Bézier curve given by the
control polygon with four vertices then it is easy to identify it within the family
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of all cubics, in particular it must hold
d? =dody and 6; = 6y, 2)

where dg, dy, dy are the lengths of the control polygon legs, and 601, 62 are the
control polygon angles at the interior vertices by, bo, see Fig. 1. Clearly, this
property says nothing else than that the control polygon is constructed using two
similar triangles Abgb;bs ~ Ab;bybg (red and yellow triangles in Fig. 1).

2 Curves of Tschirnhaus type and their properties

We continue with the construction mentioned in the previous section. We take
a triangle and glue its n — 1 suitably scaled copies together to obtain a control
polygon of a degree n Bézier curve

x(t) =Y biBp(t), 3)
k=0

t € [0,1]. Thus we get a curve of “Tschirnhaus-cubic-type”, shortly a curve
of Tschirnhaus type. The construction of the control polygons based on gluing
together the similar triangles is nothing else than the successive and repetitive
application of rotation by the angle ¢ = m — § € (—m, 7) and scaling given by
the factor A € RT. This can be expressed via the formula

. k
IR cose —singp . _
bit1 — br = [/\ (sintp cos )] v, ©1=0,...,n—1. “)

7 .

bo ba
by by

by by

bg bg

Figure 2: Control polygon of the Tschirnhaus quintic.
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In what follows, we will use the complex representation, i.e., we identify
a = (a1,az) € R x R with a = a; + asi € C. Then the control points are

k—1
br = bg + szv, where z = Xe?! (\ = |z|, ¢ = argz), (5)
=0

and v € C, v # 0. Clearly, the shape of the fundamental triangle is uniquely
determined by v and z = \e®!. Next, as it holds Zf;é 7 =("-1)/(z-1),

we arrive at
= zZF -1 " N A N
x(t) = (bo+——v Bk(t):boJrv’; —Bi®).  ©

4
k=0

For the sake of brevity we only recall some fundamental results from [1].
The readers more interested in this topic (including proofs) are kindly referred
to the primary source.

First, it can be proved that the PH property of the Tschirnhaus cubic is not
exceptional:

Lemma 2.1 All Tschirnhaus curves of odd degree are polynomial PH curves.

Let us stress out that the PH property of curves of Tschirnhaus type does not de-
pend on the shape of the fundamental triangle. Moreover, the curves of Tschirn-
haus type of even degree can also be reperameterized to Pythagorean hodograph
curves, although to rational ones only. This generalizes the well known property
of parabola.

Corollary 2.2 All curves of Tschirnhaus type admit rational offsets.

The curvature of the curve of Tschirnhaus type is computed as

J @h/(t) n — sin
K(t) = ul | (n=DAsing (D)

LIGIK V| [(1 = )2 + 2X\E(1 — t) cos  + A2t2] *

and when looking for the extremal points of x(t), i.e., we consider ¢ such that
k'(t) = 0, we find only one stationary point determined by the parameter

_ 1—Acose
14 A2 —2\cosyp’

to ®)

which is a local maximum of curvature.

Lemma 2.3 All curves of Tschirhaus type possess exactly one vertex.
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Figure 3: A PH spiral composed of five arcs of curves of Tschirhaus type with
monotone curvature.

It also useful to address the winding number of the degree n Tschirnhaus
curve (6) defined on [0, 1], in particular by direct computation we arrive at

e (n—1)yp
= — t)|h(t)| dt = ———. 9
10 = 5 [ KO - ©)

At this place we would like to recall the so called PH spirals. We mention
the spiral property with respect to all curves of Tschirnhaus type, generated as
planar Bézier curves (4) — see Fig 3.

Finally, it can be proved that for each n there exists only one curve of
Tschirnhaus type modulo similarities. As known, for n = 2 one obtains the
Bézier curve which is a parabola and all parabolas are similar. The same holds
for cubics and for two suitable glued triangles (also all Tschirnhaus cubics are
similar). The next theorem shows that this property is again general as all
Tschirnhaus curves of degree n can be transformed via suitable reparameteri-
zation and similarity to the canonical form.

Theorem 2.4 For any fixed n > 2, there exists only one degree n curve of
Tschirnhaus type up to similarities.

The canonical parameterizations of Tschirnhaus curves of degree n (ob-
tained for bg = 0,v=iandz =1 +1i) are

x(t) = i <Z> (it)*. (10)

k=1
The interesting shapes of these curves for some degrees are presented in Fig. 4.

3 Note on interpolations with Tschirnhaus curves

As stated before applications of PH curves of Tschirnhaus type are as limited as
in the case of the cubic. They do not admit inflections and moreover e.g. for C'*
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A e ¢

Figure 4: Topology of Tschirnhaus curves of degree n (for n = 3,4, 5,6 from
left to right). The curves were scaled appropriately.

Hermite data it is necessary to use biarcs. On the other hand, the C*! or C? joints
can be easily expressed in the “language of generating triangles” as illustrated
in Fig. 5 for the C? joint.

C1

b, =co

Figure 5: Two generating triangles for the C? joint.

Example 3.1 Let be given C'' Hermite data {pg, p1; to, t1}, where po = (0, 0),
p1 = (1,0), to = (1/2,1), t; = (1/3,—2/3). Construct a Tschirnhaus-curve-
biarc interpolating this data.

The conditions for the C'* joint of two degree n curves of Tschirnhaus type

b() = Vb X r_o 2 BE(1), c(t) = ve Xp_o “=k BR(t), ¢ € [0,1], are

zZ"—1
z—1

co =bg + Vp, Ve = Zn_lvb. (11

In addition, given C'' Hermite data are incorporated as follows

to
b0:p07 Cn = P1, Vp = —, w chg' (12)

This yields

Wn_ch) by — " —1 W"—lzn_l
w—1

P1—Po=<co+
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i.e.,
2"—1 w'—1_ 1 n(p1—po)
n-1 . P17 Po). 13
z—1 w—1 z to ’ (13)
and
Wn—lzn—ltﬁ _ E
n n’
i.e.,
t
(zw)* 1 = 2, (14)
to

Solving system of equations (13) and (14) for unknowns z,w gives a sought
solution. Unfortunately the non-linear nature of the system complicates any
discussion of number of solutions. Discussion can only be done for low degrees,
e.g. for n = 3 the closed form formulas can be found.

Figure 6: A Tschirnhaus-curve-biarc (in this case for n = 3) interpolating C'*
Hermite data from Example 3.1.

Although the Tschirnhaus curves do not offer enough flexibility for C? Her-
mite interpolations, it is still possible to interpolate G data, i.e., points, tangents
and curvatures.

Example 3.2 Consider G? Hermite data {pg, p1;to,t1; %0, <1}, Where pg =
(0,0), p1 = (—5,3), tg = (0,1), t1 = (—1,—1), Ko = 2/3, K1 = 4/3
Construct a Tschirnhaus-curve-biarc interpolating this data.

We again have two degree n curves of Tschirnhaus type b(t) =
Vo ST EELBI(E), c(t) = ve Y0y “=LBn(1), t € [0,1] with z = \ei¥,

z—1 w—1
w = pel? and it holds
z\n—1 to t
w=aTo,ve=FTo(5)  To= 2 Ti=2t (9)
A [tol It
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Considering formula for curvature (7), the interpolation conditions can be rewrit-
ten into the form

.
argﬁ = (n—1)(p + ),

K n
K? = ()", (16)
(b1 — po) n :z"—ljm(z) w” —1 (E)”*1 Jm(w)
VPYMIIDT, T 21 ko w—1 \\ Kpntt

Solving system of equations (16) for unknowns z,w (or equivalently
A, 1, @, 1) gives a sought solution.In addition, we have

o =

n—1Jm(z) n—l(i)”—l Jm(w)

) ﬂ::

(17)
n Ko n

Klun+1'

Unfortunately the highly non-linear nature of this system complicates again
any discussion of solvability or number of solutions. Fig. 7 shows a solution
with quintics.

Figure 7: A Tschirnhaus-curve-biarc (in this case for n = 5) interpolating G
Hermite data from Example 3.2.

4 Conclusion

Although interpolations with PH curves of Tschirnhaus type are as limited as
in the case of the well known PH cubic, certain interpolation procedures can
be formulated when biarcs are used. In this paper we shortly presented these
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recently introduced shapes including their properties, and show certain steps to
solving C'' and G2 Hermite interpolations. Nonetheless, a thorough discussion
of the formulated approaches is a goal for our future research. More details can
be found in [1].
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Abstract.  Intersection multiplicity is an invariant in algebraic
geometry, which describes the complexity of an intersection of algebraic
varieties. Studying its internal structure can help us to describe the
algebraic and geometric properties of such an intersection. We focus
on the case of the intersection of two plane affine algebraic curves. By
known results, the intersection multiplicity at a point is greater or equal
to mn +t, where m and n are the multiplicities of the intersection point
on individual curves and t is the number of their common tangents at
this point. In this paper we show an improved version of this result.

Keywords: plane algebraic curves, intersection multiplicity, tangent

1 Introduction

Let k& be an algebraically closed field. For a nonconstant polynomial
F € klz,y], we define the plane algebraic curve (curve) as the equiva-
lence class {A\F; XA € k, A # 0}. Such a curve can be represented as a
subset of the affine plane A?, the set {P = (p,,p,) € A7 | F(P) = 0}.
With abuse of notation, we use the same capital letter F' for both the
polynomial and the curve it defines.

In this paper we focus on the local properties of curves in a suitable neigh-
borhood of the origin O = (0,0). If we need to inspect these properties
at a point different from the origin, we can use a suitable change of coor-
dinates and proceed the same way.

Each polynomial can be written as a sum of its homogeneous parts. There-
fore we can write F' as

F=F,+Fn1+- -+ F,, (1)

where F; is either homogeneous of degree i, or equal to zero and F,,, # 0
(i.e. F,, is the nonzero homogeneous part of F' of the smallest degree).
The number m is called the multiplicity of the point O = (0,0) on the
curve F. Since k is algebraically closed, the homogeneous polynomial
F,, can be written as a product of m (not necessarily distinct) linear
polynomials. These represent the tangents of F' at O. By O, we denote
the local ring of the affine plane A} at the origin.

0= 00 ={ 5 F.GEHr) 6(0) #0}. @)
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Even though we work over algebraically closed field k, all the figures in
this paper illustrate the curves for k& = C, where only the real plane is
shown.

Example 1. Let F be the curve defined by the polynomial F = x> —zy?—
4

x* — 22y? — y*. If we write this polynomial as a sum of its homogeneous
parts, we get
F = [x3 — xyz] + [—x4 —z?y? - y4] = F3 + Fjy. (3)

In this case m = 3, which means that O is a triple point of this curve. If
we write F3 as a product of its linear factors, we get

Fy=a% —ay? = 2(x — y)(z +y), (4)
so the tangents of F' at O are the three lines z = 0, x—y = 0 and z+y = 0.

Y

z+y =0,

Figure 1: The curve F' and its three tangents at the origin.

2 Intersection multiplicity
Let F and G be two plane curves. The intersection multiplicity of F' and
G at the point O = (0,0) is defined as

IO(Fv G) = dlmk(o/(Fa G))v (5)

where dim(Oy/(F, G)) is the dimension of O/(F, G) as a vector space over
k.

Intersection multiplicity is an invariant in the algebraic geometry describ-
ing the complexity of an intersection. More about its properties and
equivalent definitions can be found at [2], [3], [4]. Generalizations using
sheaves and schemes can be found at [5], [6], [7].

3 Local Bézout theorem
From now on, let F' and G be two curves defined by the polynomials

F = Fm+Fm+1+"'Fra (6)
G = Gp+Gpp1+---Gg, (7)
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where Fy,, # 0, G, # 0. By the local Bézout theorem [2], the intersection
multiplicity satisfies the inequality

Io(F,G) > mn. (8)
This result was later improved to the inequality
IO(FuG) > mn +t, (9)

where t is the number of common tangents of F' and G at O (counted with
multiplicity). This is just the number of linear factors F,,, and G,, have in
common and therefore can be calculated as t = deg(ged(Fin, Gr)). The
proof of (9) can be found at [1] and is based on study of curves and their
local decomposition into branches.

Example 2. Let F' and G be two curves defined by the polynomials

F = 2°— y77 (10)
G = 2° -yt (11)

G/

Figure 2: The curve F' (solid) and G (dashed)

Obviously, m = 3 and n = 5. Since F3 = 23 = z-2 -2, the curve F has

three tangents at O, all of them defined by the equation x = 0. Similarly,
the curve G has five tangents at O, all of them defined by the equation
2 = 0. The number of their common tangents (counted with multiplicity)
at O is

t = deg(ged(2®, 2°)) = deg(2®) = 3. (12)

By the inequality (9), we know that
Io(F,G)>3-5+3=18. (13)

In the next section, in the Proposition 4.1, we show an improvement to this
estimate and demonstrate it on the same pair of curves in the Example 4.
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4 Results

Proposition 4.1. Let F' and G be two plane curves defined by the poly-
nomials

F = Fp+Fpi+-+F, (14)
G = Gu+Guy1++G, (15)
where F,, # 0, G,, # 0. Then
Io(F,G) >mn+to+t1 +ta+---, (16)
where
t; = deg(ged(Fin, -+ s Frntis Gy s Grgei))- (17)

Note, that to = deg(gcd(F,,, Gy)) and therefore equal to ¢ from (9).
The full proof of this proposition is beyond the length of this paper. It is
based on the system of vector spaces and linear maps, whose dimensions
are related to the dimension of the vector space O/(F,G). This will be
fully explained in further publications.

Remark. The main purpose of this result is not to find the exact value
of the intersection multiplicity. There are existing algorithms for its com-
putation, these can be found for example in [2]. These algorithms can get
quite complicated computation-wise for certain pair of curves. In these
cases, our result can be helpful as a simple quick estimate.

The main motivation behind this result is to understand more about the
internal structure of the intersection multiplicity and to connect it to the
algebraic and geometric properties of the individual curves and their in-
tersection.

Example 3. Let F' and G be two curves defined by the polynomials

F oz —y)(@+y) + 27 (@ —y)y* +4° (18)
G =

Figure 3: The curve F' (solid) and G (dashed)
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Then m = 4, n = 5. We write both polynomials F' and G as the sums
of their homogeneous parts. The polynomial G has no terms of degree
6, but for the purposes of our estimate, we include also the homogeneous
polynomial Gg, which is equal to 0. Hence,

F=[2*(z—y)(z+y)] + [2*(x—v)y®] + [v°],

(20)
= Fy+ F5 + Fg,
G = [3*(e = g+ )] + 0]+ [y7]. o
= G5 + Gg + G7.
Now, we can calculate the ¢; (i =0,...,00).

to = deg(ged(Fy, Gs)) =
= deg(ged(z*(z — y)(x + y), 2 (x — y)* (z + y))) = (22)
=deg(z*(z —y)(z +y)) =4,
t1 = deg(ged(Fy, F5,G5,Gs)) =
= deg(ged(a®(z — y) (z + y), 2 (z — y)y*, 2 (z — y)*(z + ), 0)) =
= deg(z*(z — y)) = 3,
to = deg(ged(Fy, Fs, Fs,Gs,Ge,G7)) =
= deg(ged(a® (z — y)(z + ), 2° (z — y)y*, =%, 2% (x — v)*(z + v),0, —y")) =
= deg(1) = 0.

Since to = 0, we know from the definition, that ¢; = 0 for all ¢ > 2.
This gives us the estimate for the intersection multiplicity of F' and G,

Io(F,G) >mn+ Y t;=20+4+3=2T. (23)

Using known algorithms, we can calculate that in this case, Ip(F, G) = 27.
Here, our estimate gave the exact result. This does not happen for every
pair of curves (as shown in the Example 4).

Remark. In general, the number of integers ¢;, which are nonzero can
be possibly infinite, which would result into Io(F,G) > oo. However,
such case happens only if all the homogeneous parts of both curves F' and
G are divisible by some homogeneous polynomial L, (of degree d > 1).
Then

F = LgFl, g+ LaF gor+-+LaFl_y=LaF',  (24)
G = LG, g+ LGy g+ +LaG,_y=LaG.  (25)

In such a case, both curves share a common component L; passing trough
the origin. Therefore their intersection multiplicity at this point is co by
definition.
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Example 4. Now we apply our new estimate on the pair of curves from
the Example 2. This example also shows the case, where Ip(F,G) >
mn+ > t;. Let F and G be curves defined by the polynomials

F = 23—y, (26)
G = z°—y'. (27)
Then,
to = deg(ged(z?, )) =3,
t; = deg(ged(2?,0, 25 0)) =3,
ty = deg(ged(23,0,0,2°,0,0)) = 3, (28)
t3 = deg(ged(z?,0,0,0,2°,0,0,0)) = 3,
ty = deg(ged(2*,0,0,0, -7, 2°,0,0,0,0)) = 0,
t;i=0 for all i > 4,
therefore
Io(F,G)>mn+Y t;=3-5+3+3+3+3=2T. (29)

Here, our estimate (Ip(F,G) > 27) is an improvement to the inequality
(9) (which gave us the estimate Io(F,G) > 18), but it is not equal to the
actual value of the intersection multiplicity, which is in this case 33.
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Abstract. The aim of the paper is to introduce a new Constructive Geometry
solved problem set, created during the “coronavirus times" by the staff of the
Faculty of Civil Engineering of the Brno University of Technology. The problem
set was created using the interactive mathematics software suite Geogebra.

Keywords: Geogebra, AutoCAD, coted projection, Monge projection, orthogonal
axonometry, linear perspective, theoretical solution of the roof, topographic
surfaces, Stereography projection.

Klic¢ova slova: Geogebra, AutoCAD, kétované promitani, Mongeovo promitani,
kolma axonometrie, linearni perspektiva, teoretické feseni stfech, topografické
plochy, Stereograficka projekce.

1 Uvod

V tomto pfispévku chceme seznamit s novymi vyukovymi materialy pro piedmét
Konstruktivni geometrie na FAST VUT v Brné. Jedna se o sbirku feSenych
ptikladi vytvofenych s vyuzitim dynamického systému GeoGebra. Nekteré
priklady vSak byly vytvoieny i pomoci AutoCADu. Sbirka je sestavena jako
GeoGebra kniha a je dostupna na adrese https://www.geogebra.org/m/ejhn4jay.

2 Vznik sbirky

Uz pted né&kolika vzniklo na fakulté stavebni CD Deskriptivni geometrie [1], 0
kterém bylo na minulych konferencich také referovano [2], [3]. S prib&hem let
doslo ke zménam osnov predmétu Konstruktivni geometrie a bylo tieba na tyto
zmény reagovat. Rovnéz programu OtherCad, ve kterém bylo CD vytvofeno,
skonc¢ila podpora. Bylo nutné najit vhodnou alternativu. Jako dobrou volbou se
jevi volné dostupny program GeoGebra [4], [5].

V ptedchozich letech vytvofili vyucujici Konstruktivni geometrie na Fakulté
stavebni VUT v Brné velké mnozstvi piiklada v programu GeoGebra, které jsou
dostupné na webovych strankach Ustavu matematiky a deskriptivni geometrie —
https://math.fce.vutbr.cz/studium.php. O nékolika kapitolach jsme se zminili jiz
na lonské konferenci [6], [7]. Hlavnim divodem pro vznik nové sbirky byla
snaha tyto jiz vzniklé piiklady uspofadat do jednoho celku a doplnit o velké
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mnozstvi novych piikladd tak, aby soubor piikladi pokryval problematiku
celého uciva predmétu Konstruktivni geometrie pro 1. ro¢nik stavebni fakulty.
Predevsim $lo o to vytvofit nové ptiklady na aplikace deskriptivni geometrie —
teoretické feseni stfech, topografické plochy a kartograficka zobrazeni.

= GeoGebra VITVORIT TRIDU

Shirka fesenych pfiklad(i z konstruktivni geometrie

Autor: Ustay

strie, FAST VUT v Bmé

Shirka Fesenyich piikladi z konstruktivni geometric pro studenty Stavebni fakutty VUT v Brné

Autor

Jana Bulantovi
Alibéta Lachova
Kristyna Mencakeva
Blanka Moravkovd
Lenka Ryparova
Martin Szérad

Mangeave promitini Jan Safafik
Filip Urbének
Lucie Zriistova

livni gecimetrie vytvornyich pievidng pomodi GeoGebry, ale jsou zde viozeny

Topografické plochy

Kartograficks sobrazen

Obr. 1: Uvodni strana sbirky

3 Obsah sbirky

Cela sbirka zahrnuje vice jak 250 ptfikladt rozdélenych do nasledujicich kapitol:
e Pomocné konstrukce — konstrukce pravidelnych mnohouhelniki,

rektifikace kruznice

Kuzelosecky — konstrukce kuzelosecek a jejich tecen

Perspektivni kolineace — obraz n-tihelnika

Perspektivni afinita — obraz n-uhelniku a kruznice

Kotované promitani — jednoduché konstrukce potfebné pro feSeni

stiecha topografickych ploch

Mongeovo promitani — zakladni Glohy, sestrojeni téles, fezy téles

e Kolmé axonometrie — zakladni ulohy, fezy téles a pruseciky piimky
S télesem

e Linearni perspektiva — konstrukce v zakladni i svislé roviné, sestrojeni
kruznice, perspektiva daného objektu

e Teoretické feSeni stiech — feSeni stfech s okapovymi hranami v jedné
roving, zakadzané okapy

e Topografické plochy — napojeni vodorovnych i stoupajicich cest
a plosin s terénem, vrstevnice jsou pfimky nebo kiivky

e Kartograficka zobrazeni — Stereograficka projekce — polarni, rovnikova,
obecna, loxodroma, ortodroma
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Sestrojte pruseciky p primky s kuzelem Postup:
- pfimkou p prolozime rovinu a prochazejici vicholem n=0

z - sestrojime Fez télesa touto rovinou .—

- pruseciky piimky a fezu = pruseciky piimky s télesem

Obr. 2: Zadani ptikladu

Sestrojte priseciky p pfimky s kuzelem Postup:
- piimkou p proloZime rovinu a prochazejici vrcholem
z - sestrojime fez télesa touto rovinou

- prisediky primky a fezu = pruseéiky primky s télesem S e

El
[

1. libovolny bod L na pfimce p

2. pfimkaa (a=LV,ay =L4V4)

3. pudorysna stopa roviny o; a = (p, a); p* = PF P}
4. fez kuzele rovinou a

Obr. 3: Ukazka krokovani
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Sestrojte pruseciky p primky s kuzelem Postup:

- pfimkou p proloZime rovinu a prochazejici vrcholem
z - sestrojime fez télesa touto rovinou

- pruseciky pfimky a fezu = priseciky pfimky s télesem —O

1. libovoiny bod L na pfimce p

2.plimkaa(a=LV,a; =L4V,)

3. pldorysna stopa roviny o; a = (p,a); p* = PP P}
4. fez kuzele rovinou a

5. pruseciky pfimky s kuZelem ... T, U

6. viditeinost pfimky p

Q

1T e b ® 05

Obr. 5: Krokovani pomoci navigaéniho panelu

4 Krokovani

Velkou vyhodou programu GeoGebra je, Ze umoziuje piiklad rozlozit do vice
krokti. Pro studenty je snadné&j$i vyznat se v provedenych konstrukcich.
K sestrojeni krokovanych piikladd jsme vyuzivali funkce ,,Posuvnik® a
»Podminky zobrazeni objektu”, kdy podminky jsou klasické matematické
nerovnosti vymezujici zobrazeni a skryti objektl, pfi¢emz je mozny pomoci
logickych operatort vickrat po sobé zobrazovat a skryvat dané objekty, nebo lze
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pro krokovani pouzit v ,Nastaveni“ — ,,Pro pokrocilé* zapnuti navigacniho
panelu pro krokovani konstrukce, s pfipadnym nastavenim bodu zastaveni.

S5 Zavér
Prispévek ukazuje moznosti programu GeoGebra pro tvorbu studijnich

materialt. Tyto materidly jsou vetfejn¢ dostupné a je mozné je vyuzit i pro
studenty nebo ucitele jinych vysokych a stiednich $kol.

Podékovani

Tento ¢lanek vznikl za podpory Instituciondlniho planu VUT — Vnitini soutéz
2021.
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GeoGebra Nastroje ve vyuce planimetrie

GeoGebra Tools in Teaching Planimetry
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Abstract. GeoGebra je nastroj prioritné uréeny pro vyuku geometrie na vSech
stupnich $kol. Je to velice variabilni nastroj, diky némuz jsme schopni vytvofit
Sirokou Skalu materiali, které mohou byt slouceny do jedné e-knihy piimo
dostupné na portalu GeoGebry. Vyhodou tohoto softwaru je také skutecnost, ze
si v ném lze vytvofit vlastni chybéjici nastroje, které nejsou defaultné v GeoGebie
k dispozici. Cilem ¢lanku je pfedstaveni tvorby Nastrojii, které vyucujicim
napomohou ve vyuce Planimetrie.

GeoGebra is software primarily designed for teaching geometry at schools of all
levels. Thanks to its variability, wide range of materials can be created and all
these files can be joined into one e-book directly available from GeoGebra portal.
Another advantage of this software is that you can create your own missing tools,
which are not available in GeoGebra by default. The aim of the article is to present
the creation of Tools that may help teachers in teaching Planimetry.

Keywords: GeoGebra, Tool, Planimetry, sample construction

Klicova slova: GeoGebra, Ndstroje, planimetrie, vzorovd konstrukce

1 GeoGebra a funkce Nastroj

GeoGebra je nastrojem primarné vytvorenym pro dynamickou geometrii, avSak
ma Sirokou skalu uziti, Ize ji pouzit také napt. pro vyuku matematické analyzy ¢i
statistiky. Proto je Siroce uzivana napii¢ vSemi stupni Skol a Skolskych
zatizeni.[3] Je to velice variabilni nastroj, diky némuz jsme schopni vytvofit
Sirokou Skalu materialli, které mohou byt slouceny do jedné e-knihy ptfimo
dostupné na portalu GeoGebry. Vyhodou tohoto softwaru je také skute¢nost, ze
si v ném lze vytvofit vlastni chybé&jici nastroje, které nejsou defaultné
v GeoGebfe k dispozici.

Samotné nastroje lze ulozit a nahrat k pouziti v jinych GeoGebra souborech.
Vse probihd pfes polozku menu Nastroje, kde vybereme polozku Sprava
nastroji. V dal$im kroku zvolime z nabidky vytvofeny nastroj a klikneme na
Ulozit jako, ¢imz ulozime samotny nastroj do vlastniho souboru s piiponou
souboru ggt. Nahrani nastroje pak probiha ptes zakladni menu — polozku Soubor
a oteviit, kde nahrajeme soubor se samotnym nastrojem a automaticky se zobrazi
v 1i$t€ nastroji. Druhou moznosti je pretdhnout soubor s nastrojem (musi mit
vSak priponu souboru ggt) do otevieného nového okna GeoGebry.
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1.1 Algoritmus tvorby Nastroje

Algoritmus tvorby nastroje je jednoduchy, avSak pon¢kud retrospektivni. Jestlize
chceme vytvorit konkrétni konstrukéni néstroj, pak je nutno nejdiive vytvorit
celou konstrukci, jenz budeme nazyvat vzorovou konstrukci, a nasledné se
musime rozhodnout, které konstrukéni prvky jsou vstupni a které vystupni.
Timto nadefinovanim jiz nasledné stac¢i k vykresleni konstrukce pouze zadat
vstupni prvky, vystupni se objevi automaticky (a pfipadné pomocné konstrukce
vedouci k findlové konstrukci budou automaticky skryty — nepljde je zobrazit
napf. vyvolanim jiného ptikazu). Musime také si uvédomit, ze pokud chceme
zadavat hodnotu pomoci klavesnice, napi. velikost tthlu nebo vzdalenost, je
potieba v pivodni konstrukci vytvofit proménnou reprezentovanou Posuvnikem.

1.2 Tlustracni ukazka vytvoreni nového Nastroje

Tvorbu takového nastroje ukdzeme na jednoduchém ptikladu nastroje pro tvorbu
Thaletovy kruznice.

Pro konstrukci Thaletovy kruznice potfebujeme v GeoGebie zadat tfi prvky
— usecku (AB), jeji stied (C) a kruznici ¢ (C, |AC|). V nabidce menu poté
klikneme na Nastroje a Vytvofit novy nastroj. Néasledné¢ zvolime vstupni
a vystupni prvky, a pojmenovani ptikazu — viz Obr.1 a Obr.2.

Vytvofit novy nastroj Vytvofit novy nastroj

Vystupni objekty = Vstupni objekty =~ Nazev a ikona Vystupni objekty | Vstupnfobjekty = Néazev a lkona

Viybrat objekty v konstrukci nebo ze seznamu Vybrat objekty v kenstrukel nebo ze seznamu

Bod C: Stfed f [a) Bod A \ A \
Kruznice c: KruZnice bodem A se stfedem C pr— Bod B —_—
Usecka f: Usecka [A, B] \ v | \ v \
[x] Lx ]

((<zpet ][ Dalsi> |stomo [ <zpet |[ Dassi> | stomo

Obr. 1: Ukazka vybrani Vstupnich a Vystupnich objektt (GeoGebra 6)

2 Zakladni mnoZiny bodi dané vlastnosti

Jiz déti na zakladni Skole v prvnich hodinach geometrie se uc¢i rysovat zakladni
mnoziny bodd danych vlastnosti. Mezi prvni z nich mtizeme fadit konstrukei
hledani stfedu nebo osy zadané tisecky. V principu se jedna o konstrukei, ktera
obsahuje dv¢ kruznice, jejichz pruseciky urcuji hledanou osu usecky. GeoGebra
jiz ma v zakladnim nastaveni implementovany dva piikazy: Stfed dvou bodl
a Bisekci Gsecky. Proto se zaméfime na mnoziny, jenz potiebujeme konstruovat
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pravidelné a jsou nedilnou soucasti pii feSeni planimetrickych uloh. Mezi
,.zakladni konstrukce miZzeme zaradit

Mnozina bodt, ze kterych je tsecka viditelna pod danym thlem,
osa pasu usecek,

konstrukce dvou rovnobézek v dané vzdalenosti,

Thaletova kruzZnice ad.

Vytvofit novy nastroj

Vystupni objekty = Vstupni objekty = Nazev a ikona

Jméno nastroje

Thaletova kruZnice

Nazev pfikazu

Napovéda k nastrojim

.\ @Zobrazit v nastrojovém pruhu

| lkona ... \

[ <zpet ][ Dokondit | stomo

Obr. 2: Nabidka pro zvoleni nazvu ptikazu a popisu (GeoGebra 6)

2.1 Tlustraéni ukazka vytvoreni nového Nastroje

V prvni fad€ vytvorime Nastroj pro mnozinu bodi viditelnou pod ostrym thlem.
Jednd se v principu o jednoduchou konstrukei, jenz vyuZziva znalosti sestrojeni
osy usecky a naneseni uhlu. Pfi vyuziti pfikazu tthel dané velikosti jsme nezvolili
nami vybrany ostry thel, ale obecny uhel alfa. Néasledné¢ se automaticky
v konstrukci vytvoii posuvnik. Tento krok je dulezity, pokud chceme konstrukci
vyuzit obecné. Jakmile nalezneme stfed S;, mizeme zkonstruovat kruznicovy
oblouk k;, druhy kruznicovy oblouk k, ma stied v bodé S;, jenz ziskame pomoci
sttedové nebo osové soumérnosti. V ramci vyuky se nasledné uvadi konstrukce
mnoziny bodu, z nichz vidime use¢ku pod tupym thlem, viz [1]. Tuto mnoZinu
bodli nemusime konstruovat, jelikoz nastroj je v zakladu navrzen tak, aby
fungoval obecné.

Jakmile je konstrukce dokoncena mizeme aktivovat Vytvofit novy nastroj.
Na vystupu zvolime kruznicové oblouky kq, k,. Nasledné na vstupu zvolime
body AB, jenz uréuji usecku, kterd ma byt viditelna pod thlem o.
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Obr. 3: Vzorova konstrukce mnoziny bodul roviny, ze kterych je tse¢ka AB
vidét pod tthlem dané velikosti o

€7 Vytvofit novy nastroj x

Vystupni objekty

: Nézev a ikona

Vybrat objekty v konstrukci nebo ze seznamu

Cislo a A

Bod B v
Bod A

X

< 7pét Dalsi = Storno

Obr. 4: Oznaceni vstupnich objekt ze vzorové konstrukce (GeoGebra 5)
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2.2 Rovnobézka v dané vzdalenosti

M¢éjme pfimku p a k ni chceme sestrojit rovnobézku ve zvolené vzdalenosti.
V ramci vzorové konstrukce (obr. 5) sestrojime piimky p, a p, za pomoci
kolmice n na ptimku p a kruznice k; k(A, m) jejiz polomér nam bude zajistovat
v Nastroji zvolenou vzdalenost. Jako Vystupni objekty uréime p¥imky p; a p,,
Vstupnimi objekty bude piimka p a ¢islo m, jenzZ nam bude urCovat v jaké
vzdalenosti od ptimky p, chceme vytvofit rovnobézky.

Obr. 5: Konstrukce rovnobéZzek dané vzdalenosti od ptimky p

V ramci Néstroje potfebujeme obé rovnobézky, jelikoz je nutné uvazovat nad
univerzalnosti nastroje. Uzivatel v budoucnu pak mize skryt nehodici se
rovnobézku. Nevyhodou je, Zze GeoGebra popise nové objekty lexikograficky,
takze nelze uz dopiedu preddefinovat pomoci indext vysledné objekty. Dalsi
nevyhodou je, Ze se nepienasi styly, jenz byly pouZity ve vzorové konstrukci.

3 Zavér

GeoGebra je velmi silny nastroj v oblasti geometrie a pokud mame kreativni
mysleni, tak existuje nepieberné mnozstvi moznosti pro jeji vyuziti. V ramci
ptispévku bylo piedstaveno, jak miZzeme vyuzit moznost funkce Nastroje. Vyuka

planimetrie za pomoci GeoGebry je pro ucitele velmi vyhodna, jelikoZ napomaha
pii generovani zadani konstruk¢nich uloh. Pokud jesté k tomu ucitel vyuzije jiz
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naprogramované vlastni Nastroje, tak se prace zefektivni. Dalsi Néstroje mohou
byt vytvoteny i pro odvétvi deskriptivni geometrie napt. Mongeova promitani[2]
nebo koétovaného promitani.

Podékovani

Tento ¢lanek vznikl za podpory SGSO01/PtF/2020-2021 — Podpora védecké
¢innosti studenti v dil¢ich oblastech matematiky.

Literatura

[1] E.Davidova: Reseni planimetrickych konstrukcnich iiloh. Ostrava 2005

[2] Ferdianova, V., Poruba, J., Prochazkova, M. GeoGebra Tools in Creating
Materials for Teaching Monge Projection. In: EDULEARN21
Proceedings. 2021. pp. 5669-5678. ISBN: 978-84-09-31267-2

[3] GeoGebra. [online]. 2021. Available from https://www.geogebra.com



Slovak—Czech Conference on Geometry and Graphics 2021 71

Dynamicka geometrie online

Dynamic Geometry Online

Roman Hasek

Jihocéeskd univerzita v C'esky’vch Budéjovicich, Pfadagogickd fakulta
Jeronymova 10, 371 15 Ceské Budéjovice, Ceskd republika
hasek@pf.jcu.cz

Abstrakt. The paper deals with the online presentation of mathe-
matical and geometric content. Specifically, it focuses on a way how
to present this content through HTML materials, which can take the
form of both stand-alone websites and sub-components of an online
education system, such as Moodle. Selected examples will show the
use of JavaScript libraries JSXGraph and MathJax to create a quality
presentation of geometric content. The benefit of using these libraries is
the opportunity to freely combine mathematical text in LaTeX format
with interactive dynamic images in these materials.

Keywords: Dynamic geometry, JSXGraph, online content, LaTeX.

Klic¢ovd slova: Dynamickd geometrie, JSXGraph, online obsah, LaTeX.

1 Uvod

Prispévek je zaméfen na online prezentaci matematického a geometrického
obsahu. Vénuje se konkrétnimu zpusobu prezentace tohoto obsahu pro-
stfednictvim materidlu ve formatu HTML, které mohou mit jak podobu
samostatné webové stranky, tak i diléi souc¢asti néjakého online vzdélava-
ctho systému, napiiklad Moodle. Na vybranych piikladech bude ukazano,
jak lze pouzitim knihoven JavaScriptu JSXGraph [6] a MathJax [8] vy-
tvorit kvalitni prezentaci geometrického obsahu, v niz se volné kombinuje
matematicky text ve formdtu LaTeX [7] s interaktivnimi dynamickymi
obrazky.

2 JSXGraph

JSXGraph je knihovnou JavaScriptu pro vytvareni dynamickych obrizka
urcenych predevsim pro online publikaci jako soucdst webové stranky
¢itelné pro vSechny bézné vyuzivané webové prohlizece [2, 4]. JSXGraph
byl vytvofen a je stle vyvijen na Univerzité Bayreuth [1], viz https://
jsxgraph.uni-bayreuth.de. Podpora a zkoumani moznych cest vyuziti
tohoto jazyka ve vzdéldvani byly predmétem projektu ITEMS (Improving
tools for E-assessment in Math and Science) [5], feSeného v mezindrodnim
tymu v ramci programu Erasmus+, viz https://itemspro.eu. Jednim
z vystupu tohoto projektu je Prirucka pro prdci v JSXGraphu [10], do-
stupnd i v ¢eStiné na adrese https://ipesek.github.io/jsxgraphbook.

viz [4] a [2]. Zde se zaméfime pfedevsim na uzit{ JSXGraphu pro online
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prezentaci matematickych dokumenti ilustrovanych dynamickymi obrazky
formou webové stranky. Matematické vyrazy v téchto dokumentech jsou
vysazeny prostiednictvim vyse zminéného systému MathJax [8].

3 Online prezentace matematického obsahu

Prikladem dokumentu ve formatu HTML, vybaveného dynamickymi ap-
plety programovanymi v JSXGraphu a obsahujiciho matematické vyrazy
kédované prostfednictvim knihovny MathJax, je materidl vénovany kiivce
ve tvaru precliku, anglicky Pretzel curve [3], jehoz ndhled je zachycen
na Obr. 1. Vidime na ném jeden dynamicky obrazek a text obsahujici
matematické vyrazy. Text je dokonce i soucasti samotného dynamického
obrizku (appletu). Jedna se o tzv. dynamicky text, jehoz nékteré kom-
ponenty se méni dle okamzitych hodnot ptislusnych proménnych. I tento
text je vysazen prostiednictvim knihovny MathJax.

Pretzel curve

Roman Hadek, Pavel Pech
University of South Bohemia

The pretzel curve is a quartic curve, the shape of which resembles a pretzel. as shown in figures below. The mathematical
representations of this curve are as follows:

. 1—2cosgp
= Polar equation: r = a 1—cosp i acs R\ {0}
—tt+ 42— 3 -3t
+ Parametric equations: £ = a Y y=a 241 i aceRV{0}, teR.

» Algebraic equation: y* + 222 + 2ax’ + 2azy? + 3a22? — a2 = 0; ac R\ {0}

Source: Hasek. R (2017) A Remarkable Quartic Pretzel Curve. Jowrnal for Geometry and Graphics. Volume 21, No. 1,
37-44.

Obrézek 1: Pretzel curve, online matematicky text s dynamickymi obrazky
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Implementace MathJaxu neni nikterak slozita. Stac¢i do hlavicky HTML
souboru umfistit nasledujici ,snippet“ (vse potfebné je uvedeno na webové
strdnce [8]):

<script src="https://cdn.jsdelivr.net/npm/jsxgraph/distrib/

jsxgraphcore. js" type="text/javascript" charset="UTF-8"></script>

<script src="https://cdn.jsdelivr.net/npm/mathjax@3/es5/tex-chtml.js"
id="MathJax-script"></script>

Potom jiz muzeme v HTML kédu provadét sazbu matematickych vyrazu
uzitim syntaxe systému LaTeX.

V tdryvku dokumentu na Obr. 1 Ize ale kromé matematického textu
odhalit i jiné moznosti, které nam k vyuziti nabizi JSXGraph. Jedna
se o vlozeni obrazku na pozadi ndkresny appletu, implementaci dyna-
mického textu do okna appletu, vyuziti posuvniku pro ovladani hodnot
parametru a v neposledni fadé je to i zobrazeni kiivky dané parame-
trickou ¢i polarni rovnici. K vkladani obrazku stoji za zminku, ze ve-
dle vlozeni formou odkazu na externi zdroj muzeme pro mens$i obrazky
pouzit i format ,Data URI“, ktery dovoluje vnofit kéd obrazku pifimo
do kédu stranky a tim ho ucinit nezavislym na externim zdroji. Pro
prevod do formédtu URI lze uzit ruzné online prevadéce. Pro detailni
obeznameni se s pokrocilejsimi funkcemi JSXGraphu lze doporucit sérii
webindiu https://jsxgraph.uni-bayreuth.de/wp/docs/index.html.

4 JSXGraph v dalsich prikladech pouziti

Velké mnozstvi konkrétnich ptikladi vyuziti JSXGraphu je dostupné na
str. https//:jsxgraph.uni-bayreuth.de/wiki/index.php/Category:
Examples.

JSXGraph mé vyznamné pouziti ve vzdélavacim systému Moodle [9].
Konkrétni ukdzky najdeme na adrese https://jsxgraph.org/examples.

Za zminku i prostudovani bezesporu stoji slovinské interaktivni online
ucebnice i-ucbeniki, pti jejichz tvorbé byl JSXGrpah vyuzit vyznamnou
meérou, viz https://eucbeniki.sio.si.

5 Zaveér

Programovaci jazyk JSXGraph je, jako svébytnd knihovna JavaScriptu,
neustale vyvijen a obohacovan odborniky z Univerzity Bayreuth pod ve-
denim prof. Alfreda Wassermanna ve spolupraci s komunitou uzivatela,
ktefi jsou rozmisténi po celém svété. Lokalni zarodek této komunity nyni
existuje i na Pedagogické fakulté Jihoteské univerzity v Ceskych Budéjo-
vicich. Radi zodpovime jakykoliv dotaz k pouziti JSXGraphu, stejné jako
radi uvitame jakékoliv podnéty ¢i navrhy k vyuziti tohoto prostifedku ve
vyuce nejenom matematiky, ale celého spektra predméta STEM.
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Abstrakt. This paper deals with the dependence of geometrical accu-
racy of a natural cubic spline curve on the Euclidean distance between
the definition points of spline curve. As an example, a transcendental
curve — a graph of function f : y = sin(z), = from the interval [0, 27] —
is used.

Keywords: Natural cubic spline curve, Bézier cubic curve, Coons cubic
curve, geometrical accuracy, metrology
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kubika, geometricka presnost, metrologie

1 Uvod

Interpolace pomoci kubické spline kifivky je bézné pouzivanou metodou
k rekonstrukei tvaru kiivky z nékolika jejich bodu. Interpola¢ni kubicka
spline kiivka je tvofena segmenty Fergusonovych kubik s témito defini¢nimi
body, segmenty na sebe navazuji s C? spojitosti. Na zékladé téchto podmi-
nek jsou ve vnitinich bodech dopocitany tecné vektory, prirozeny kubicky
spline pak akceptuje dvé specidlni okrajové podminky — nulové druhé de-
rivace v obou krajnich bodech kiivky [1], [2]. Interpolovat body lze téz
pomoci jednosegmentové kiivky, tedy jednoho polynomu, zde je ovSsem
velkou nevyhodou rust stupné polynomu v zavislosti na poctu interpolo-
vanych bodu. Pro zachovéani hladkosti vysledného modelu staé¢i interpolo-
vat po Castech polynomem pouze tietiho stupné, z tohoto duvodu je zde
k interpolaci zvolena pfirozend kubickd spline kiivka.

Trascendentni kiivka je krivka, kterda nemd polynomidlni reprezen-
taci a v . CAD systémech tedy nemuze byt nikdy vymodelovina piesné.
Kfivku lze pouze nahradit pfibliznym CAD modelem, zde modelem in-
terpola¢nim. Tento model vyuziva presné body teoretické transcendentni
kiivky jako body definiéni. Pfimé vzdédlenost téchto bodu oviem nutné
ovliviiuje tzv. geometrickou pfesnost interpola¢niho modelu, tedy jeho
odchylku od modelu teoretického. Odchylka dvou kiivek je definovana
jako maximalni vzdalenost mezi témito dvéma kiivkami, je méfend na
normaldch kiivek. Hlavnim cilem této préce je stanovit maximélni pfimou
vzdalenost sousednich defini¢nich bodu pro jejich pravidelné rozlozeni tak,
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aby odchylka interpola¢ni kubické spline kiivky od teoretické (pfresné)
kiivky byla maximalné rovna pfedem dané geometrické presnosti.

Geometrickd presnost CAD modelu hraje podstatnou roli v oblasti
rychle se vyvijejici metrologie, kdy je v nékterych piipadech (napi. ka-
libra¢ni ¢i kontrolni méfeni) nutné CAD model z primarné namétrenych
defini¢nich bodu vytvorit tak, aby odchylka jakékoliv jiné mnoziny kon-
trolnich bodi od CAD modelu byla mensi nez stanovend presnost [3].
Stanovenim zavislosti geometrické presnosti na vzdélenosti méfenych de-
fini¢nich bodu by byl cely proces méfeni zjednodusen a urychlen — a proto
je v soucasné metrologii velmi diskutovanym tématem.

2 Odvozeni vztahu mezi vzdalenosti defini¢nich bodu
a geometrickou presnosti

Tvar kazdé kiivky lze charakterizovat pomoci funkce kiivosti k(x), kterd
je pripadé transcendentni kfivky dané rovnici y = f(z) na uzavieném
intervalu I ddna vztahem

)

VI @)

Piedpoklddejme nyni, ze je pro kazdé xg z I kiivost k(zg) definovéna,
a tedy existuje v kazdém bodé kiivky oskulaéni kruznice s polomérem
r(zg) = 1/k(xo), kterou lze v blizkém okoli kiivku nahradit. V misté
kiivky, kde dosahuje kiivosti maximalni, m& oskula¢ni kruznice minimalni
polomér, a pravé tento tzv. minimélni polomér kiivosti kiivky je jednim
z faktoru vyznamné ovliviiujicim vzdalenost definié¢nich bodu pro interpo-
laci. Pro pravidelné rozlozeni defini¢nich bodu tedy bude postacujici zjis-
tit, jak body rozmistit daleko od sebe pravé v blizkosti oskula¢ni kruznice
s nejmensim polomérem.

Pro odvozeni vztahu mezi maximélni vzdalenosti d, polomérem mi-
nimalni kfivosti r a stanovenou geometrickou pfesnosti a vyuzijeme vlast-
nosti zakladnich modela kubickych kiivek v pocitacovém modelovani.
Kazdy segment interpolaéni kubické spline kiivky lze definovat nejen jako
interpolacni Fergusonovu kubiku, ale téz jako aproximacni kubiku Bé-
zierovu nebo Coonsovu. Coonsova kubika je aproximac¢ni kiivka tietiho
stupné dané ¢tvetici tidicich boda P;,i = 0,1,2, 3. Jeji fidici body pra-
videlné rozmistime na kruznici s polomérem p jako vrcholy pravidelného
n—uhelnika tak, aby krajni body této Coonsovy kubiky lezely na kruznici s
polomérem r. Pouzitim pfevodnich vztaht pro uréeni polohy ¢tyt fidicich
bodu V;,i = 0,1,2,3 tak, aby kiivka byla jimi definovdna jako kubika
Bézierova, ziskdme vztah mezi poloméry r, p a ihlem «

3r

P= 2 + cos(a)’
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Obrézek 1: Rozmisténi fidicich bodu kubiky:.

Na Obr.1 je kubika zndzornéna cervené, jeji fidici polygon (Coons) ¢erné,
fidici polygon (Bézier) zelenou barvou, modrou plnou ¢éarou pak kruznice
s polomérem r, modrou ¢arkovanou ¢arou kruznice pomocna s polomérem
p- Pro polohu fidicich bodu Bézierovy kubiky pak plati

‘/b = (Ta 0)7 Vl - (T7T%)7

) 2+cos(a
Vo =(r 1;.&22???#}?353%), V3 = (rcos(a), rsin(a))

a rovnici této kiivky P(t),t € [0,1] obdrzime ze zdkladni rovnice pro
Bézierovu kubiku [4]. Diky pravidelnému rozlozeni fidicich bodu P; (a
tedy 1 V;) bude maximdln{ odchylky kfivky P(¢) od kruznice s polomérem
r dosazeno v poloviné kiivky, tedy pro hodnotu parametru t = 1/2.
Polozime-li vzdédlenost bodu P(1/2) od kruznice s polomérem r rovnou
stanovené geometrické pfesnosti a a polomér r hodnoté poloméru mi-
nimélni kiivosti kiivky, ziskdme vztah

v2(cos(a) + 11)/cos(a) + 1
16 + 8 cos(a)

a=r(l- ),

ze kterého lze pro stanovenou presnost a urcit thel o a pomoci néj pak
spocitat pozadovanou maximalni vzdalenost

d=r+2—2sin(a)
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Maximahni vzdalenost (f)

NC.CCC 0,001 0,002 0,003 0,004 0,005 0,006 0,007 0,008 0,009 O

Geometricka pfesnost (f)

Obrézek 2: Graf zdvislosti vzdalenosti d na pfesnosti a pro r = 1 (j je
délkovd jednotka).

jako vzdalenost krajnich bodu kubiky P(t). Protoze dhel « se z rovnice
pro a nedé obecné vyjadiit a muze byt ziskan pouze pomoci numerickych
metod pro konkrétni hodnoty a,r, neni mozné predvést vysledny vzo-
rec pro urceni vzdalenosti d v zavislosti na hodnotach a a r, jak jsme
predpokladali.

2.1 Znazornéni zavislosti d na presnosti ¢ a poloméru r
Nejjednodussim zpusobem, jak vysledek prezentovat a zpiistupnit pro
praktické vyuziti, je zafixovat jednu z proménnych — minimalni polomér
kiivosti r nebo geometrickou presnost a — a zavislost maximalni vzdalenosti
d na zbyvajici proménné zobrazit pomoci grafu z vypoctenych hodnot.

Na Obr.2 je priklad takového grafu zavislosti d na a pro minimélni po-
lomér kfivosti r = 1.

3 Interpolace bodu kiivky y = sin(x)

Jako demonstra¢ni kiivka byla zvolena ¢ast grafu funkce y = sin(z) na
intervalu [0, 27]. Jeji kiivost

sin(x)

= __ >
(14 cos?(x))3

nabyva maxima 1 (v absolutni hodnoté) pro z = n/2 a = = 37/2, mi-
nimalni polomér kiivosti je tedy r = 1. Maximélni vzdalenosti d byly
vypocteny pro zvolené hodnoty geometrickych presnosti, viz Tab.1.
Vsechny idaje — presnost, polomér kiivosti a zjisténd vzdalenost jsou
ve stejnych délkovych jednotkach. Hodnoty geometrickych piesnosti jsou
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a | 0.1000 | 0.0100 | 0.0010 | 0.0001
d | 1.6883 | 1.1888 | 0.7418 | 0.4340

Tabulka 1: Hodnoty maximélni vzdalenosti d pro zvolené ptesnosti a.

Obrézek 3: Interpolaéni model s kontrolnimi body (a = 0.1000).

zvoleny tak, aby pro jednotku 1 mm fadové odpovidaly presnostem ruznych
typu méticich zaiizeni — od bézné uzivanych az po ty nejpiesnéjsi stroje,
které pracuji s maximalnimi odchylkami 10~ mm. Pro lepsi piedstavu,
v jakych fadech se méfeni pohybuje, uvazujme jako jednotku 1 km. Zvo-
lend kiivka y = sin(z) by méla délku piiblizné 7.64 km a jednotlivé
presnosti znamenaji tyto maximalni odchylky: ¢ = 0.1000 km = 100 m,
a =0.0100 km = 10 m, @ = 0.0010 km = 1 m a a = 0.0001 km = 10 cm.

3.1 Vyhodnoceni

Pro kazdou presnost byly na teoretické kiivce vygenerovany teoretické
body od sebe vzdalené o odpovidajici hodnotu d (prvni bod je vzdy
pocatek (0,0)) a témito body byla proloZzena piirozend kubickd spline
kiivka. Vypocet jednotlivych segmentu byl proveden v software Maple.
Pro ovéreni byla vygenerovana dalsi sada kontrolnich piesnych boda —
100 vnitinich bodu kfivky, na Obr.3 je vidét jejich rozlozeni (Cervené
body) vuéci ¢erné interpola¢ni kiivce dané definiénimi modrymi body.
Pomoci software Rhinoceros bylo provedeno statistické vyhodnoceni od-
chylky sady kontrolnich bodu od interpola¢ni kiivky, viz Tab.2.

geometrickd presnost | 0.10000 | 0.01000 | 0.00100 | 0.00010
prumeérnd vzdélenost | 0.01892 | 0.00386 | 0.00030 | 0.00001
maximalni vzdalenost | 0.05961 | 0.01298 | 0.00148 | 0.00005

Tabulka 2: Vyhodnoceni pfesnosti.

7 této tabulky je vidét, ze v pripadé geometrické presnosti 0.0100 a
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0.0010 nebyla podminka maximalni povolené odchylky splnéna ve vsech
kontrolnich bodech, ve zbylych dvou ptipadech je pro danou presnost
pocet definiénich bodu (a tedy jejich vzdalenost) stanovena dostatecné.
V piipadé a = 0.0100 byla interpolac¢ni kiivka prolozena 9 body, v piipadé
a = 0.0010 pak definié¢nich bodu pro interpolaci vyslo 17. I kdyz vysledek
testovani u téchto dvou kiivek nedopadl dle o¢ekdvani, je stanoveny pocet
bodu vybornym vychozim odhadem pro dalsi postup. Kazdé dalsi navyseni
poctu pravidelné rozlozenych defini¢nich bodu pro interpolaci (a tedy
piislusné zmenseni vzddlenosti d) statistiku vylepsuje a uspokojivého vy-
sledku pro a = 0.0100 Ize dosahnout po dvou krocich — pro 11 bodu,
v piipadé a = 0.0010 dokonce hned po jednom kroku — pro bodu 18.

4 Zaveér

Zde popsand metoda stanoveni piimé vzdalenosti definiénich bodu pro in-
terpolaci kfivkou dané pfesnosti vychazi z geometrickych vlastnosti kiivky
— konkrétné z kiivosti. V pripadé transcendentni kiivky dané rovnici byl
odhad vzdélenosti v zavislosti na pozadované geometrické presnosti sta-
noven pomoci minimélniho poloméru kfivosti, kdy jako maximdélni od-
chylka kfivek byla uvazovédna odchylka oskula¢ni kruznice od kubické
kfivky s pravidelné rozlozenymi #idicimi body. Diky této predpokladané
pravidelnosti metoda na ukazkovém piikladu nefunguje zcela pro vsechny
zvolené pfesnosti, alespon fadové vSak vysledky maximélnich odchylek
vSem presnostem odpovidaji. Pro praktické vyuziti v metrologii ale i tento
hruby odhad m4 vyznam, nebot napiiklad pii méfenich rozmérnéjsich pro-
storovych objektu stanovuje dolni hranici poc¢tu bodu ke zméteni, a tim
doda velmi cennou informaci o minimalni dobé méteni.
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Constructions of Quatrefoil
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Abstract. In architecture, we meet with different and also more complex
shapes. Due to the technical construction, they are usually made up of basic
geometric elements, such as a line and a circle. They are used to create
interesting floor plans, openings and decorative elements. In addition to
the relatively frequently used ovals, we also encounter the so-called quatrefoil
based on four circles or ovals in Slovak architecture. These are arranged
symmetrically and are connected to each other by lines which are predominantly
tangential to these circles. We will show some interesting constructions
of quatrefoils.

Key words: Geometric construction, historical architecture, quatrefoil

1 Introduction

Geometry is the basis of architecture, although we do not see it directly
in buildings. It is certainly true that without geometric knowledge, beautiful
buildings would not have been created. We will focus on the Gothic period and
the four-leaf motifs used in architecture. Gothic architecture is one of the oldest
stages of historic architecture development in Slovakia, which can be evidenced
by a larger set of preserved buildings and their parts.

Quatrefoil also appears as a filling of oculi - often unfilled rural simplified
form of large rosettes of cathedrals with stained glass, it is often located where
it symbolically mediated the entry of light into the church. The Quatrefoil can
be it forms a ventilation opening of the truss space (see Fig. 1) [1].

A@N /N
@Oy &/

Cerin Cachtice \
Turcianske Jaseno
Vitkovce 3

Zupcany
Fig. 1: Quatrefoil oculi on mostly rural churches/chapels [1]

They also deal with the issue of Gothic rosette windows in the Czech
Republic. A typical feature of the Gothic tracery is a circular rosette filled with
a trefoil, a quatrefoil, etc., later they changed into lobed or heart shapes, which



82 Holesova Michaela

were still formed by circular arcs. For medieval builders, geometry also had
a symbolic meaning, and the basic shapes in the design were a square,
an equilateral triangle and a circle (see Fig. 2).

They were used not only as a basis for floor plans of buildings, but also
to create decorative elements and various details of buildings such as also in the
creation of vaults and tracery of Gothic windows [3], [4].

N

Fig. 2: Tracery in the church of St. Martin in the Wall [4]

2 Geometric analysis of quatrefoil constructions

The definition of the quatrefoil and the connection with sacral symbolism can
be found in [2], where Quatrefoil: “a figure constructed in the form of a cross,
of four equal segments of circles, either intersecting or stopped by angles. This
is a proper figure to encompass a cross, the four evangelists, the four doctors,
or the five wounds of our Lord, which are expressed in a square, with one
in the centre.”

From the geometric point of view, we take a square as the basic shape, into
which the forming circles are suitably inscribed so that a shape of a four-leaf
clover is created. We often meet two groups of quatrefoils. The first we denote
as type A, where the basic circle c; with radius r1 = }2 |AB| is inscribed in the
basic square ABCD. The creating circle c; has a center on the axis of the sides
of the square and a radius r, (Fig. 3), where the radius r is equal to one quarter
of the length of the side of the base square ABCD, or half of the radius r; of the
base circle, i.e. 2r, = r1 = % |AB|. To complete the Quatrefoil motif, the already
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created concentric circles can be taken as inside circles and we get type Al or
we take them as outside circles and we get type A2 of the Quatrefoil motif.

We denote the second type as B, where the centers of the defining circles lie on
the axes of the sides of the base square ABCD and on the axis of the angle
of the side of the base square ABCD and its diagonal (Fig. 3).

Fig. 3: Analysis of quatrefoil shape variants [1]

It follows from the basic properties of the square that for type A are
the centers of the circles r, in the vertices of the square EFGH (see Fig 4),
the vertices of which lie on the axes of the sides of the base square ABCD, and
the length of the side of this square is equal to 1/4 of the length of the diagonal
AC of the base square.
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Fig. 4: Quatrefoil motif, type A
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The forming circles intersect at the diagonals of the basic square ABCD. These
common points are determined by the KLMN square. The length KL is equal
to half the length of the side AB of the base square.

Let us denote the radius of other concentric circles forming the Quatrefoil
as rs. Due to the construction and location of the centers, these circles also
intersect on lines that contain the diagonals of the basic square ABCD.
Of course, for type A2 is r, > rs, and therefore, for these circles to have
common points, r2 > rz > V2r2/2 have to be true. In the case rz = V2r,/2, these
circles touch in the intersections of the diagonals of the basic square ABCD
with the sides of the square EFGH. Drawn circle q in Fig 4. for type Al is
r3 > rp. The size of the radius can be chosen arbitrarily, but in terms of practical
use it is about the maximal size rz = \5r,. With the radius chosen in this way,
the concentric circles intersect in the vertices of the base square ABCD.
The drawn circle k, see Fig. 4.

In type B (Fig. 5), the centers of the defining circles are the vertices of the
square EFGH. The distance |EF| can calculate depending on the length of the
side of the base square, or on the radius r; of the base circle and it is

|EF|= (V2 — 1) |AB| = 2(N2 — 1)r1.

C 1 ‘

A

—- - -

Fig. 5: Quatrefoil motif, type B1

For type B1, the radius r of the creating circle is the same as the distance of
the center of the creating circle from the side of the base square and is therefore

r = (V2—1)r = [EF)/2 = (2 - 1) |AB|/2.
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Let r; be the radius of other circle for draw the Quatrefoil motif. In this
type, it is clear that rs > r, and the circles have centers in the vertices of the
EFGH square and will intersect on the lines AC, BD. If the circle passes

through the vertex of the base square, then its radius is rz = 44— 242 ..
In the Fig. 5, the circle k is drawn.

For type B2, if the defining circles so that they touch (as in Fig. 3, Fig. 6)
and are the circles with the same radius, then the radii of these circles are equal
to one quarter of the diagonal of the square EFGH whose vertices are in
the centers of these four determining circles and thus

r=(2-2) r2.

Another circle defining the Quatrefoil motif is a concentric circle with
radius
3= (\/2 — 1) r.

D | c
T

Fig. 6: Quatrefoil motif, type B2

These circles touch in the center of the sides of the EFGH square.
The connection of the defining circles with the radius r, can be made, for
example, by constructing a tangent to this circle at the intersection R of
the diagonal of the base square and the inside determining circle. The tangent is
parallel to the second diagonal of the base square ABCD (see Fig. 6) and the
distance of the points is |RS| = r2= (2 — \2) r./2.
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The intersections of this tangent with the defining circles may be considered
as the boundary points of the line segment joining the defining circles.
For small radii of defining circles, there is not much difference with such
a connection that from the sides of the EFGH square from points T, U to
the tangent, lines parallel to the diagonal of the basic square ABCD are also
used. The latter method is more common in practice. The distance of the point
R from the line FG is equal to

rs—r2= [TUJ2 = (3V22 — 2) r1, where
[TU| = |EF| - 2r2= 2(r3— r2) =(3\2 = 4) 1.

3 Conclusion

The quatrefoil is a beautiful example of the connection between geometry and
architecture, as well as an example of the application of geometry in technical
practice. Quatrefoils can also be used as a motivation for teaching geometry in
secondary and primary schools. That is why it is interesting to examine and
geometrically analysis old buildings. Also study historical architectural books,
which are full of very interesting and almost forgotten geometric constructions.
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Abstract. We consider various conditions required in the definition of
a curve. This notion is fundamental in several areas of mathematics
such as differential geometry, algebraic geometry, topology and others.
There is not a unique approach in these areas and one usually requires
certain level of overlapping of properties. Hence, the notion of a curve
is formulated in terms of the dimension and the local parameterization
of a suitable topological space which are specified in the corresponding
mathematical discipline. Though the notion of topological dimension
is only very briefly dealt with here, we explain it for curves. In case of
algebraic geometry, the notion of Krull dimension is less intuitive, but
computationally clearer.

Keywords: curve, topology, differential geometry, algebraic geometry

1 Introduction

The notion of a curve is using very intuitively in many areas of mathe-
matics due to the fact that only “very nice” objects are computationally
feasible and therefore considered in applications. Intuitive notion of curve
has been built from the ancient times. Euclid described the line as some-
thing which has length, but has no width and height. Clearly, this takes the
notion of dimension into play, though it was far from precise approach.
The change appeared with the discovering of coordinates and analytic
method. Then parameterization started to play a role and in constructive
geometry, a result of a particular point construction with a parameter
gave curves.

Later, when the notion of a function has appeared, the dimension
started to be described by a function with one parameter. The curve
started to be something which can be describe by a parameter, continuously
changing. Due to nature of the function, the curves could be algebraic as
well as transcendent. In physics, a trace of a moving particle represented
by a mass point in a space was considered as a curve. Such an approach
was pretty intuitive. When topology started to form, a continuous image
of an interval [0, 1] was naturally taken into consideration. However, very
soon the counterexamples were provided which lead to the formation of a
more precise notion of dimension.

Higher order of differentiability provides a sufficient condition for well
defined curved object. Hence, a piecewise C'! differential mapping from an
interval to a space is usually enough to consider in differential geometry
and similarly based disciplines. In algebraic geometry, a curve is locally
an intersection of sufficient number of algebraic varieties. However, the
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nodal cubic curve

Figure 1: Examples of curves in differential geometry. Curve ¢(t) = (1 —
t2,t(1—t2)) (left), knot on a torus (middle), curves such as helix or spiral
used in constructions (right).

result strongly depends on the ground field (ring), which we are working
with. Hence, the curve can be of very different nature and dimension at
the first sight.

2 Analytic approach and its modifications
2.1 How to define a curve

A strong physical intuition says, curve is a trace of a mass point in a
space. A usual definition of a parameterized curve is a mapping

c: I — E4

such that I is an (open) interval of R, ¢ is C'*-continuous and the mapping
is an immersion (regular, ¢(t) # 0), or at least local diffeomorphism)
(see [1], [2]). Intuitively, looking on a point of a curve and its suitable
neighborhood in the ambient space, we expect the curve is locally a slightly
bent line. This intuition is strongly reflecting the local nature of real line,
which parameterizes the analytic curve.

2.2 Weakening the conditions

Why is the condition of C''-continuity important — we have tangent line,
which approximates the behavior of the curve in a close neighborhood.
Is there a property of higher order of differentiability more convenient?
The answer is no. Any parameterization is an auxiliary structure on a
curve and the curve might have singularities (e.g. corners) even in case
of high order of differentiability (see fig. 2). For less order of differen-
tiability, one might obtain practically arbitrary subset of points without
derivatives, e.g. like in Brownian motion or functions, which are contin-
uous, but nowhere differentiable (e.g. Weierstrass function defined as a
Fourier series, Wy (z) = Y .° b~ " cos(b"mz) for 0 < a < 1, b odd integer
and o = —loga/logb satisfying ab > 1 + 3/27).
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v T v ‘

Figure 2: The conditions in the analytic definition of a curve are weak-
ened. Brownian motion (upper left), an example of immersion, non-
embedding, ¢(t) = (sint,sin2¢), t € (—m,7) (upper right), an example
of C*°-parameterization (0,e*),t < 0, (e~ ,0),t > 0 with a corner (lower

left), an example with infinite tangent directions at origin (lower middle),
an example with infinite multiplicity of a point (lower right).

In general topology, a continuous mapping of an interval is considered
as a curve. Hence, all the above phenomena are necessary to play with.
The way of answering certain questions about such objects can be dealt
with the techniques of homotopy or homology.

Let X be a topological space (e.g. X = R3, we are stay in this space
or its subplanes for convenience). A continuous mapping c¢: [0,1] — X is
called a path and it is considered to be a curve in the space X. Moreover,
we recognize also are, which is homeomorphic image of the interval [0, 1].
The arc is closer to the intuition since the curves in differential geometry
are local homeomorphisms. It can be seen from the following examples,
that one might obtain a substantially more complicated Balfour. If the
mapping is just C° we might get piece wise differentiable curve, fractal
curve or the image of the mapping might even fill some area like the
well known Hilbert or Peano curve (see fig. 3). If I is not interval, we
might obtain non-connected subspace of E3. If the mapping is not an
immersion, we might have singularities which are not possible to classify
(points without tangent, with different half-tangents, with infinite number
of tangent directions, locally it does not look like a line.
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Figure 3: Hilbert curve filling the square is a uniform limit of a sequence,
whose first three members are drawn.

2.3 Dimension of a topological space

The concept of dimension of topological space is important and difficult
(see [3]). We need to measure the dimension of the image of the mapping
(path). There are several approaches to the dimension with same values
on several often used types of topological spaces.

For a topological space X, the Lebesgues dimension dim X is defined
as

e dim X = —1 for empty set,

e dim X =n, n > 0, if for any open covering of the space X, there is
a finer open covering of multiplicity at most n + 1 (i.e. each point
of X is in at most n + 1 sets of the finer covering).
Such a dimension is certainly different for some fractal object, since
the Hausdorff dimension might be non-integer.
Curves have dimension 1. Hence, we can locally find a sequence of
neighborhoods covering the curve so that each point belongs to at most
two open sets of the covering (see fig. 4, middle).

2.4 Metric space approach to curves

Continuum is a non-empty connected compact Hausdorff metric space
(see [5]). The curve is such a space of Lebesgues dimension 1. This
approach brings many object to the collection of curves with somewhat
specific properties.

There are continua with points which are distant within the curve but
arbitrary close in the ambient space. A universal element is Sierpinski
carpet. For examples see fig. 4.

3 Algebraic geometry

In algebraic geometry, a point is identified with all equations which are
zero on the point. It is a prime ideal of a suitable ring. Since the rings
can be substantially different from R, algebraic curve is to be expected
different from the analytic curve (e.g. finite set of points, non-linearly
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Figure 4: Continuum as general approach to a curve in analytic setting.
Topologist sine continuum (upper left), connected point with the Can-
tor set (upper middle), iteratively define curve via chain covering (upper
right), graph embedding (lower left) and Sierpinski carpet (lower right).

sorted, surface in a sense of real differential geometry), but those analytic
are taken into account in certain sense as well (see [4]).

As examples of a variety of different objects that are algebraic curves,
consider the ring R[z,y], f(x,y) = 22 + y* —t. Then taking R = R and
taking ¢t € {1,0,—1}, we have V1(f) is a circle, Vo(f) is a point, V_1(f)
is an empty set. Taking R = C, we have Vi(f), Vo(f) and V_1(f) are
complex conic sections. They can be considered as surfaces over R, if one
considers real an imaginary part of the curve as parametric directions of
the corresponding surface.

The algebraic curve depends on the ring used for the coefficients. In
case of rich structure of subrings, one can expect a rich structure of geo-
metric objects of corresponding type locally on the curve (e.g. curve over
the ring Z).

Hence, the curve has to be defined in a somewhat different way. The
solution was done by A. Grothendieck in a more general approach of using
scheme.

Scheme is an object which locally looks like an algebraic variety over
some ring. Such pieces are glued together over a suitable subring which
resembles the gluing of the manifold from open sets in R%. The topology is
locally the Zariski one in the corresponding rings. Using such an approach,
many objects can be treated in a unified way.

Algebraic curve is a scheme which is separated, integral, 1-dimensional
over the (base) field. Separatedness reflects avoiding of space glued so that
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one cannot distinguish points using their neighborhoods. The property of
integrality means irreducibilty and reducing in the usual sense. Finally,
the dimension is the Krull dimension which, intuitively, counts the num-
ber of functions necessary to defined a subscheme of consisting of closed
points on the scheme.

4 Conclusion

The notion of curve is very variable, depending on the area of mathematics
in which it is used, as well as the problem being solved. Local parameter-
ization by 1 parameter plays an important role as a primary estimation of
something 1-dimensional. However, the notion of dimension plays a more
crutial role in the algebraic as well as analytic case. Undesirable prop-
erties in real case start with low degree of continuity and non-regularity
of parameterization. Algebraic curves are in general objects with strong
dependence on the nature of coefficients used in computations. Therefore,
the local parameterization is of different nature as well as the dimension
used is the Krull. In many important cases, these approaches, differential
and algebraic, agree.
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Geogebra drawing program can be effectively used to teach them.
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1 Kolineace a kuZelosecky

Kuzelosecky obecné patii mezi jedny z nejstarSich kiivek, kterymi se zabyvali
védci jiz ve starovéku. Muzeme fici, Ze uz o nich bylo skoro vSechno
publikovano, pfesto stale patii mezi aktudlni témata, nebot’ se s nimi stale
setkavame i v realném svéte. KuzeloseCky mizeme definovat v podstaté tfemi
zpusoby: a) jako mnoziny boda dané vlastnosti v roving; b) jako fezy na kuzeli;
c) jako kolinearni obraz kruznice. Studenti stfednich i vysokych $kol se bézné
seznami s ohniskovymi vlastnostmi kuzelosecek, ale uz jsou mén¢ obeznameni
s projektivnimi vlastnostmi kuZeloseéek, které jsou velmi zajimavé i z toho
divodu, ze projektivni geometrie nerozliSuje jednotlivé typy kuzelosecek, ale
studuje kuzelosecku obecné. Kolineaci mezi kruznici a kuzeloseckou probiraji
jen studenti deskriptivni geometrie, nebot’ fezy na kuzelech, zejména fezy
nerotacnich kuzell jsou sestrojovany pravé pomoci kolineace mezi kruznici
a kuzeloseCkou, piipadné pomoci kolineace mezi dvéma kuZeloseCkami.
Vyuzivame k tomu nasledujici vétu: Transformaci algebraické kiivky stiedovou
kolineaci se nemé&ni ani jeji stupen ani reducibilnost, tzn. ze perspektivni linearni
ktivka k jednoduché kuzelosecce je opét jednoducha kuzelosecka. V praxi se
vyuziva nejvice toho, kdy jednou z kuzeloseCek je kruznice a kolinearnim
obrazem k ni muze byt kterakoliv kuZelose¢ka. O druhu miZeme rozhodnout
pfedem podle polohy kruznice a ubé&znice téhoz pole, k némuz kruznice patti. Ve
sttedové kolineaci v roviné kuzelosecce patiici do prvého pole odpovida ve
druhém poli kuzelosecka, ktera je elipsou (kruznici), nebo parabolou, nebo
hyperbolou, a to podle toho zda wbé&znice prvniho pole nema s danou
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kuzeloseckou zadny spolecny bod, nebo pravé jeden spolecny bod, nebo dva
ruzné spole¢né body.

2 Konstrukce kuZelosecek z danych prvkii v kolineaci

Ponévadz ve stfedové kolineaci v roviné¢ odpovida kruznici kuzelosecka je
mozno této skutecnosti uzit ke konstrukci kuzelosecky z danych prvki. Postup
pfi fesenti je nasledujici: Nejprve zvolime stied nebo osu kolineace. Dale zvolime
(ne ovSem libovolng) kruZnici, ktera ma odpovidat hledané kuZelosedce.
Z podminky, Ze zvolené kruznici odpovida hledana kuzelosecka, doplnime prvky
v kolineaci tak, aby byla plné urcena, tj. sestrojime chybé&jici prvek. Jakmile je
kolineace urc¢ena, rozhodneme pomoci ubé&znice pattici k poli kruznice o druhu
kuZelosecky, dale postupujeme podle prislusnych uloh o konstrukci elipsy,
paraboly a hyperboly. Jsou-li mezi uréujicimi prvky dvé rtiznobézné teény, lze
volit jejich prusecik za stied kolineace. Dusledek: odpovidajici kruznice se musi
téchto tecen dotykat. Jsou-li mezi urcujicimi prvky dva rizné body, je mozné
jejich spojnici volit za osu kolineace. Dusledek: odpovidajici kruznice musi
témito body prochazet, jelikoz jsou tyto body samodruzné. Jsou-li mezi
urcujicimi prvky vlastni tecna s vlastnim bodem dotyku, pak 1ze zvolit za stied
kolineace tento bod dotyku. Disledek: odpovidajici kruZznice se musi této te¢ny
v tomto bod¢ dotykat. Nebo lze zvolit osu kolineace v této te¢né s bodem dotyku.
Dusledek: odpovidajici kruznice se musi této te¢ny v tomto bod¢ dotykat. Ve
vSech pripadech musime rozhodnout, zda Ize uzitim zbyvajicich prvki dourcit
kolineaci. Poznamenejme, Ze ne vSechny tlohy jsou pomoci kolineace fesitelné.

3 Kolineace kuZelosecek za pomoci programu GeoGebra

Pravé pomoci GeoGebry lze studentiim efektivné a ndzorné piedvést konstrukci
kuzelosecek jako kolinearniho obrazu kruznice. Dalsi vyhodou tohoto grafického
programu je jeho dynamic¢nost a moznost rozdéleni ulohy na jednotlivé diléi
kroky. GeoGebra dale nabizi moznost neomezené nakresny a presného rysovani,
coz je velka vyhoda oproti grafickému provadéni kiidou na tabuli ¢i tuzkou do
sesitu. Z tohoto divodu byla v GeoGebie vytvoiena kniha Kolineace mezi
kruznici a kuZeloseCkou, ktera obsahuje kapitoly: Kolineace mezi kruznici
a elipsou, Kolineace mezi kruznici a hyperbolou, Kolineace mezi kruznici
a parabolou, pét feSenych piikladti na konstrukei kuzelosecky ze zadanych prvki
a Kolineaci mezi parabolou a hyperbolou, viz Obr. 1.-4.

4 Zavér
Geometrie v dnesni dobé ziskava pomoci vypocetni techniky a grafického
softwaru novy rozmér. Pravé program Geogebra nabizi velké moznosti vyuZiti

V hodinach geometrie. Vyse uvedené vyukové materialy ke kuzeloseckam jsou
uvedeny na webovych strankach: https://www.geogebra.org/u/mariechodorova




Kolineace kuZzelosecek s vyuzitim programu GeoGebra

95

= GeoGebra

Kolnesce mez kruthif a kuteosetkou
Kellnace meg hrutnkd 2 spsou
Kelingsce mes hrutni 2 hyperbol.
Kelineace mez krutnid 2 parabel.
Kelineace piiiad €1 prvai p0sob
Kelineace pikiad & 1 druny 2pésob
Kelineace pikiad €2 - proi zplsols
Kelineace pikiad €2 - druhy zpdsob
Kelinesce pitiad £3

Kelivssce pikiad 24

Kelinesce patiad & 5

Kelingace ez parabolou 3 byperb...

Kerstrukes #1

Kerstrukes W1

= GeoGebra

Kolineace mezi kruznici a elipsou
Autor: Marie Chodorovs

Sestrojte kolinedeni cbraz knunice K v kofineadi wiéens (S,

WHTVORIT TRiDY

—
1
I '
e =5 L
— f
1
' ° /
A v.s —
= \ v P
v {
I
v
b =

W By ®?

Obr. 1: Kolineace mezi kruznici a elipsou
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Obr. 2: Kolineace mezi kruznici a hyperbolou
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Kolineace mezi kruznici a parabolou - konstr.3
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Obr. 3: Kolineace mezi kruznici a parabolou
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Obr. 4: Kolineace mezi parabolou a hyperbolou
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1 Uved

Vyzkum nosné konstrukce historickych mostt slouzi ke spolehlivéjsimu urceni
pamatkové hodnoty téchto technickych staveb, je zaméfen na upfesnéni naseho
poznani historickych postupl pii ndvrhu konstrukce. Pokud se zamétime na
zkoumani geometrie nosné konstrukce historickych mostd, pak zde hraji zvlastni
ulohu zborcené piimkové plochy. Stiedem zdjmu vyzkumu jsou kamenné
a zdéné mosty na Gizemi Ceské republiky, kde napiiklad plocha ,,corne de vache*
je realizovana na Most¢ Legii v Praze a plocha Sikmého prichodu, v pojeti, ve
kterém ji najdeme v soucasnych studijnich materidlech vétSiny vysokych skol
v Ceské republice, je spojena s Negrelliho viaduktem v Praze v Karling.
Prispévek ukazuje $irsi souvislosti pouZiti plochy Sikmého prichodu v technické
praxi.

2 Plocha Sikmého prichodu

V prubéhu uplynulého stoleti se v nasich uéebnicich a skriptech posunul obsah
pojmu plocha Sikmého prichodu. Pokud je dnes uzivan tento termin, pak je tim
myslena zborcena ptimkova plocha uréend tfemi fidicimi Gtvary takto: dvé
shodné kruznice (n€kdy jen pilkruznice), které lezi ve vzajemné rovnob&znych
rovinach a pro které plati, Ze spojnice jejich stiedt svira s rovinami kruznic thel
ruzny od thlu pravého, dale pak piimka prochézejici stfedem spojnice stiedil
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kruznic a kolmd k rovinam téchto kruznic. Tato plocha je oznaCovana
Vv zahrani¢ni literatute obvykle ,,biais passé® (a to i v anglicky psané).
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Obr. 1: Sikmy priichod (vlevo model v CADu, vpravo uéebnice 3K str. 823)

Pokud studujeme plochu §ikmého priichodu v souvislosti s vyzkumem nosné
konstrukce historickych mostt, pak je tfeba se vratit k ptivodnimu Sir§imu pojeti
tohoto pojmu, naptiklad v uéebnici Kadetavek, Klima, Kounovsky Deskriptivni
geometrie Il z roku 1954 (str.823):

,Je-li smeér osy valené klenby, kterou je umoznén priichod danou zdi, Sikmy k lici
této zdi, mluvime o sikmém priichodu, klenba jemu prislusnda je klenbou Sikmého
prichodu.

Klenba sikmého priichodu se v pudoryse zobrazuje jako rovnobéznik.

Reseni konstrukce klenby sikmého priichodu najdeme v textech
0 architektufe jiz od starovéku, zde se jednalo o priuchody malé Sitky, teprve
pozdéji je dané problematice vénovana velkd pozornost. Ve stiedovéku ji
nalézame Vv publikacich o0 stereotomii, piikladem mulze byt francouzské
pojednani o architektuie z roku 1567 autora Philliberta de L"Orme.

Zajem o feSeni Sikmého prichodu v dalSich letech je obrovsky, vzrista
v souvislosti s rozvojem Zelezni¢ni dopravy, z mnoha autorii textd vénovanych
problematice kamenofezu plochy $ikmého pruchodu lze jmenovat napiiklad
Fréziéra (La theorie et la pratique de la coupe des pierres et des bois, pour la
construction des voutes et autres parties des batimens civils & militaires, ou
Traité de stereotomie a l'usage de l'architecture, 1768), Adhemara (Cours de
mathématiques a l'usage de l'ingénieur civil: Application de géometrie
descriptive : ponts biais, extrait du recueil des exercises et questions diverses,
1834), Foxe (On the construction of skew arches ,1836), Loignona (Ponts Biais,
1872), ale i autory soucasné, naptiklad Xaviér (On the Biais Passé, 2016).

Potfeba rychlé vystavby zeleznice a ekonomicka situace, kdy slozity
kamenotez byl ptili§ drahy, vedly k hledani optimalni metody feSeni. Pojednani
o v8ech typech provedeni (helikoidalni, logaritmické, ortogonalni zfizeni...) je
planovano na jaro 2022 v dasopise G — Slovensky &asopis pre geometriu
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a grafiku. V pozdgjsich letech problematika ztrici na vyznamu s nastupem
novych materialti vyuzivanych pfi stavbé mostii — beton, ocel.

DE PHILIBERT DE UORME I vizg 185 Lome Il 755
ingoit qu'ls e fovent de [rt roucton fort curieux de Tenten. reromrts.
dre, 4 de Gt e ot o b Ain vous o =~

o
uners appelicnt buste & quarrée par ks deex collez.

Obr. 2: Stereotomie — ikmy prichod (vlevo L'Orme 1567, vpravo Fréziér 1768)

Thoets Fowci - aphpprred” Ao g ortadint

Obr. 3: Sikmy priichod — zfizeni helikoidalni (Adhémér 1834)
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3 Zelezni¢ni viadukty s klenbou Sikmého priichodu

Uved'me zde dva piiklady, kdy byla v odlisném provedeni pouzita klenba
sikmého priichodu pouzita u Zelezniénich viadukti v Cechach, a to u Negrelliho
viaduktu v Praze a u viaduktu pies Ohii v Chebu.

Negrelliho viadukt (také lze najit pod nazvem Karlinsky viadukt nebo
prazsky viadukt Spole¢nosti statni drahy) je druhym nejstar§im mostem v Praze,
byl vybudovan v letech 1846-49 jako soucast projektu prazsko-drazd’anské
drahy, projekt je spojen se jménem Jana Pernera a Aloise Negrelliho. Celkova
délka byla 1100 m a do roku 1910 byl nejdelsim mostem v Evropé.

Obr. 4: Negrelliho viadukt (vpravo plocha $ikmého prichodu), foto autorka

Pivodni ¢ast mostu byla popsana nasledovné:

celkem 87 kleneb, z toho

8 segmentovych kleneb ze zuly nad tokem Vltavy o svétlosti 25,3 m,

27 pilkruhovych kleneb o svétlosti 10,75 m,

49 kleneb o svétlosti 6,3-6,7 metrti z piskovce nebo cihel,

1 segmentova klenba v mist¢ hlavni karlinské tepny se svétlosti 11,3 a dvéma

prichody

V popisu nosné konstrukce neni nijak zddraznéno, ze velkd segmentova
klenba v Karling je klenba $ikmého priichodu. Detail technického provedeni této
klenby projektanti netesili. Ze sou¢asnych zaméteni provedenych v souvislosti
s rekonstrukei (ukoncenou v roce 2020) je ziejmé, Ze se opravdu jedna
0 zborcenou piimkovou plochu v podobg, jak je dnes predstavovana v uéebnich
textech studentiim technickych vysokych $kol u nés.

Negrelliho viadukt je pamatkové chranén.

Druhy viadukt, kde je feSena klenba Sikmého priichodu zcela jinak, se nachazi
v Chebu. Byl postaven roku 1898 jako kamenny most, klenby byly provedeny
z opracovanych zulovych kvadri, na konci druhé svétové valky byl znaéné
poniCen spojeneckymi nalety a Vv roce 1946 rekonstruovan s pouzitim
zelezobetonovych prvki. Jeho celkova délka ¢ini 348 metrti, maximalni vyska
kolejisté nad hladinou Ohfe je 25 metrd.
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Zde je pruchod rovnomérné rozdélen na segmenty rovinami rovnob&znymi
s licem klenby a klenba v téchto segmentech feSena jako piima. Z hlediska
statickych vlastnosti je toto feSeni velmi vhodné.

Obr. 5: Chebsky viadukt, foto Martin Pospisil

4 Zavér

Vyzkum geometric nosné konstrukce historickych mosti  ukazuje
v souvislostech dnes oddélené obory, kterymi jsou deskriptivni geometrie, statika
a d¢&jiny architektury. Vysledky vyzkumu, pouzité ve vyuce na fakulté
architektury CVUT v Praze, napomahaji zlepSeni mezipfedmétovych vztaht. Ve

stavebni praxi poznani geometrickych principi konstrukce vede k lep§imu urceni
jeji pamatkové hodnoty.
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Abstract. When demonstrating the relationship between control elements and
the resulting shape of parametric curves, textbooks are usually limited to
the qualitative characterization of this relationship. In this paper, we formulate
afew simple tasks, where we find more detailed - quantitative relationships
between the control elements and the resulting shape for the Ferguson curve.
The analysis is done for kinematic interpretation of various scenarios of line
segment drawing.

Keywords: parametric modelling, Ferguson curve, Bézier curve, Coons curve,
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Klicové slovd: parametrické modelovanie, Fergusonova krivka, Bézierova
krivka, Coonsova krivka, vplyv kontrolného bodu, kinematicka interpretacia
krivky

1 Uvod

Kubické parametrické krivky tvoria dolezity zaklad pre geometrické
modelovacie systémy pouzivané vo vyuke i V technickej praxi. Dovodom je, Ze

v

predpisat’ polohu krajnych bodov krivky a jej smer v krajnych bodoch. Priama
formulacia, ked’ h'adame

P(t),0<t<1,
s okrajovymi podmienkami

P(0) = Py, P(1) = P;,P'(0) = ¥, P'(1) = 7, (D)
vedie Kk rie$eniu, napr. [3], [4], zndmemu ako Fergusonova krivka

P(t) = (1 —3t%2 +2t3)P, + (3t2 — 2t3)P, )

+(t —2t2+ 3V, + (3 — )V, .

Bézierovu kubicku krivku s riadiacimi bodami By, B, B, B5

P(t) =(1—1¢t)3By +3(1 —t)%tB; +3(1 — t)t?B, + t3B;, 3)
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modzeme interpretovat’ ako Fergusonovu krivku [1] s okrajovymi podmienkami
Py = By, Py = B3, ¥y = 3(B; — By), ¥; = 3(B3 — By). 4
Podobne i Coonsovu krivku s riadiacimi bodami Cy, Cy, €5, Cs,

4-6t%+3t3 1+3t+3t2-3t3
3 G+ 3

3
P(e) =0 ¢, + C+5Cs, )

moZeme interpretovat’ ako krivku Fergusonovu [1] s okrajovymi podmienkami

Cop+4C1+Cy C1+4Cy+C3
PO = ) P1 = ] (6)
3 3
‘l_} C—Co 1—51 C3—Cy C1

3 3

V dostupnej odbornej literatiire iV ucebnych textoch sa spravidla doraz
kladie na kvalitativne vlastnosti vyslednych vztahov v okoli krajnych bodov
krivky, konkrétne na fakt, ze smer konsStruovanej krivky v krajnych bodoch je
umerny predpisanym rychlostiam v koncovych bodoch (¢o je vo svojej podstate
predpoklad (1), ktory do modelu vkladame). Toto je samozrejme dblezité hlavne
pri konstrukcii splajnov, tj. pri postupnom spojovani elementdrnych kriviek
s pozadovanou hladkost'ou spojenia.

Vysledny tvar krivky vsak silne zavisi ina velkostiach predpisanych
rychlosti. AvSak s detailnejSou analyzou toho sa v ucebniciach stretavame len
vel'mi okrajovo. Spravidla sa pri demons$trovani vlastnosti danej krivky
nevychadza za ramec jednoduchych prikladov, ked’ sa riadiace body ,,vhodne*
zvolia [2], [5], [6], [7].

Povazujeme za dolezité, aby Studenti ziskali v tomto smere hlbSie vedomosti.
Prave toto bolo motivaciou predlozené¢ho textu. Na jednoduchych prikladoch
ukdZeme zavislost vyslednej trajektorie na vybere okrajovych podmienok
(predpisanych rychlosti).

Krivku chapeme v kinematickej interpretacii, tj. ako trajektoriu
pohybujiceho sa bodu. V prispevku sa obmedzime na jednorozmerny pripad —
useCku. Roéznym okrajovym vektorom tak odpovedaju rozne scendre jej
vykreslenia.

Pre jednoduchost’ (bez ujmy na vSeobecnosti) moéZzeme zvolit’

Py,=0,P =s, Uy =1y ¥ =V,

¢o zjednodusi vztah pre trajektoriu,
x(t) = (3t2 — 2t¥)s + (t — 2t + tHvg + (—t2 + 3, . 7
0<t<1.

Vzhladom na to, ze budeme analyzovat' priebeh rychlosti vo vnitornych
bodoch kubickej krivky,

x'(t) = (6t — 6t%)s + (1 — 4t + 3t?)y, + (3t? — 2t)vy, 8)
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nevychadzame za ramec rieSenia kvadratickych rovnic. Preto je zvladnutelné
i pre Studentov, u ktorych nepredpokladame velké matematické zruénosti.

2 Scenare s rovnakou rychlost’ou na oboch koncoch

Pre vy = v; = V vztahy (7)-(8) sa d’alej zjednodusia na tvar

x(t) =WV —5s)(2t3 —3t2+1t) +st 9)

V—=s)6t>2—6t+1)+5s=

V3-1 V3+1 (10)
60 =) (t=55) (- 55) +5
V pripade V=s dostavame z (6) resp. zo (7) konStantnu rychlost na celom
intervale, v(t) =V =s, ¢o odpovedd Standardnému parametrickému
vyjadreniu tsec¢ky (priamky). Naviac z (10) vidime, Obr. 1, Ze nezavisle na
pociato¢nej rychlosti, v casoch
V3F1
T2 =R

x'(0)

je rychlost’ pre vietky scenare rovnaka, v(7) = s.
Extrémna rychlost’

Zo vztahu (10) vidime, ze extrémna rychlost’ sa dosahuje uprostred casového
intervalu
35—V

.

VgxTrR = 17(%) =
V pripade V = 3s, je extrémom v,y = 0.
Trajektéria so spatnym chodom

V pripade V > 3s, tj. vyy < 0, tj. pohybujuci bod ma uprostred intervalu spatny
chod. Casové momenty vktorom je rychlost nulova, (tj. prechidzame
z priameho do spidtného chodu a naopak) najdeme Standardne rieSenim
kvadratickej rovnice, ktort dostaneme z (10)

1— V-3s
tl 2 E + ﬁ V—s . (11)
V limitnom pripade, V — oo dostavame t; , — SIF 2\1/_

Aka velka méze byt trajektoria spatného chodu? Napr. pripad, Ze spatnym
chodom prejdeme celt tsec¢ku uréent koncovymi bodmi, ziskame rieSenim
rovnice (vychadzajuc z (9))

x(t) =t[(V-s5)2t? =3t +1)+s]=0. (12)
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KedZe podiatoény bod x(t) =0 pri spdtnom chode musime dosiahnut
Vjedinom c¢ase t > 1, hladame dvojnasobny koreni prislusnej kvadratickej
rovnice ((12) v hranatych zatvorkach), ¢o dostaneme pre V = 9s.

Dosadenim do (11) najdeme ¢asy zvratu medzi priamym a spatnym chodom

1 — 1 9s5-3s 1 — 1 3 1 —
tiy = > F — =-F - L=27
12 2 234 9s-s 2 2v34/4 2

Vo v8eobecnom pripade polohu bodov obratu ziskame dosadenim (11) do (9),

NI

N V-3s 1 V-3s

Xmax, MIN =5 T —3 i Vs

Vidime, Ze s rasticou hodnotou rychlosti ¥V — oo, poloha bodu obratu sa
“linearizuje”.

a) b)
Obr. 1: Priklady a) rychlosti a b) trajektoria pre Fergusonovu krivku pre
rovnaké hodnoty rychlosti v koncovych bodoch. Odpovedajuce si rychlosti
a trajektorie st zobrazené rovnako hrubou ¢iarou.

3 Scenare s nulovou rychlost’ou na jednom konci
Bez obmedzenia vSeobecnosti mézeme predpokladat

P(0)=0, P(1)=s,v=0, v, =V. (13)
Potom pre trajektoriu a rychlost’ dostavame vztahy

x(t) = 3t2 =2t3)s + (3 —tHV =t2@Bs = V) +t3(V - 2s5), (14)

v(t) = x°(t) = 2t(3s = V) + 3t2(V — 25), (15)
Je Pahko vidiet, ze pre 3t2V — 2tV =0, tj. pre t =§ nezavisle na zvolenej
koncovej rychlosti V, je
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Vidno taktiez, ze pre V = 2s rychlost rastie linearne,

v(t) = 2t(3s — 2s) = 2st.

Pontikaju sa zovSeobecnenia:

Pre aké hodnoty V rastie rychlost’ monotoénne? Tj. pre aké V je na celom
intervale 0 < t <1 zrychlenie kladné?
Kedze

a(t) =v'(t) =23s —=V) + 6t(V — 2s),

pre V < 2s je linearny ¢len zaporny, tj. ak ma byt zrychlenie vécsie ako nula
na celom intervale, musi to byt i na pravom konci, tj. pre t = 1, tj.

3s—V+3(V —2s)>0,
V>3s.
2
Pre V > 2s je linearny ¢len kladny, tj. ak ma byt’ zrychlenie kladné na
celom intervale, musi byt’ taky i na 'avom konci, tj. pre t = 0, tj.
3s—-V >0,
V < 3s.

Pre V > 3s je na zaciatku zaporné zrychlenie, tj. sila je orientovana dol'ava,
apreto zakonite dolava je orientovana irychlost, no atym padom
i trajektoria. (Bod musi ,,poodstapit™, aby sa mohol rozbehnut’ a dosiahnut’
pozadovanu rychlost’ prave v ¢ase t = 1.)

No a zakonite vznikaju otazky typu:

V akom ¢ase t > 0 nastava bod zvratu, tj. v(t) =0 ?
v(t) = 2t(Bs — V) + 3t*(V — 25) = 0,
=t(2(3s = V) + 3t(V — 25)) = 0,

2V-3s
=0t =370

Kde sa nachadza poloha bodu zvratu ?

x(t) = 62Bs = V) + 6,0V —29)] = 2 (E2) v - 39)

27 \V-2s

Aka musi byt’ pozadovana rychlost’, aby poloha bodu zvratu dosiahla vel'kost
samotného intervalu s?
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a) b)

Obr. 2: Priklady a) rychlosti a b) trajektoria pre Fergusonovu krivku s hulovou
rychlostou na lavom konci. Odpovedajtce si rychlosti a trajektorie st
zobrazené rovnako hrubou ¢iarou.

4 Zaver

V prispevku sme ukazali vplyv predpisanych koncovych rychlosti na vysledny
fergusonovsky scendr generovania UseCky. Vysledna analyza nevychadza za
ramec rieSenia kvadratickej rovnice, a preto je zvladnutelna ipre Studentov,
u ktorych nepredpokladame vel’ké matematické zru¢nosti. Z druhej strany, i tak
silné zjednodusenie modelu ma svoje opodstatnenie pri vysvetlovani CAD/CAM
technologii.
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Abstract. Voronoi diagrams belong to favourite structures in com-
putational geometry. In our work, we focus on construction and
properties of Voronoi diagram in three-dimensional hyperbolic space
represented by Poincaré ball model. First, we recall and illustrate the
basic geometric elements of Poincaré ball model. Then, we construct
a hyperbolic Voronoi diagram and we describe some of its properties,
which depend on the position of its generators.

Keywords: Voronoi diagram, hyperbolic geometry, Poincaré disk model,
Poincaré ball model

1 Introduction

In our previous work, we focused on study of the Voronoi diagram in
hyperbolic plane, which was represented by Poincaré disk model [2]. We
described the properties of hyperbolic Voronoi diagram and we observed
their change as one generator move along the hyperbolic line-segment [3].
We will focus now on building an analogous theory in hyperbolic 3D.

The theory about Voronoi diagram in Euclidean m-dimensional space
is already well known [8], [1]. Also, there are some results about Voronoi
diagram in hyperbolic plane [4], [7], in hyperbolic three-dimensional space
represented by upper half-space model [6] or in arbitrary dimension [5].
But following on from our previous work, we use the Poincaré ball model
for representing three dimensional hyperbolic space. This model is a nat-
ural extension of Poincaré disk model in hyperbolic plane into the hy-
perbolic space, so many planar properties and objects are transferred to
higher dimension as in Euclidean geometry.

First of all, we introduce the workspace — Poincaré ball model and its
basic elements. Subsequently we construct a hyperbolic Voronoi diagram
and we describe its properties and difference with Euclidean Voronoi di-
agram. Our resulting findings about hyperbolic Voronoi diagram have a
major impact on its dual graph — Delaunay tesselation. We abbreviate ad-
jective hyperbolic with h-, so we use notions like h-line, h-circle, h-sphere,
ete.

2 The Poincaré ball model of hyperbolic space

The Poincaré ball model is three-dimensional space defined as

S? = {(w,y,2) eER¥: 2?2 + % + 22 < 1}
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with particular hyperbolic metric

5 A(dz* 4 dy* + d2?)
ds® = .
(1— 22 — 2 — 22)2

We represent this model with an open ball of unit radius. The bound-
ary S? = {(z,y,2) € R® : 22 + y? + 22 = 1} of model is called a main
sphere and its points are called ideal points. The ideal points play role of
the points at infinity.

Let us define and illustrate h-lines, h-circles, horocycles and hypercy-
cles, which are planar objects, using a disk model in the space (fig. 1).
Consider any plane p incident with the center S of unit ball. This plane
intersect ball model in open unit disk, the boundary of which is called the
main circle. Let k be a circle in Euclidean geometry. If the circle k

e is inside the ball S?, then it is also a hyperbolic circle, but its Eu-

clidean centre and its hyperbolic center are in general different;

e is tangent to the corresponding main circle at one ideal point, then
it is called a horocycle and its h-center is in this ideal point;

e is intersecting the corresponding main circle and it is perpendicular
to it, then it is called a h-line;

e isintersecting a corresponding main circle but it is not perpendicular
to it, then is called a hypercycle.

hyperbolic circle

L 3 horocycle
hyperbolic line

hypercycle

Figure 1: Planar objects of hyperbolic space.

Analogously, we define spatial objects, by extending these objects by
the third dimension (fig. 2). Let G be a a sphere in Euclidean geometry.
If the sphere G

e is inside the ball S2, then it is also a h-sphere, but its Euclidean and

its hyperbolic centres are in general different;

e is tangent to the main ball at one ideal point, then it is called a
horosphere and its h-center is in this ideal point;
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e is intersecting main ball and it is perpendicular to it, then it is a
h-plane;

e is intersecting main ball and it is not perpendicular to it, then it is
called a hypersphere.

hyperbolic
plane

SQ

hyperbolic
sphere

ersphere
horosphere yPErsh

ideal point — the center of horosphere

Figure 2: Spatial objects of hyperbolic space.

3 Three-dimensional hyperbolic Voronoi diagram

If the finite set P = {p1,...,pn} € S? of distinct points is given, where
2 < n < oo, then we call the region given by

V(pl) = {:E € 82 : d(p“.’li) < d(pj7x)7 for i 7é Jii,j € I, = {17 ’n}}

the hyperbolic Voronoi polyhedron associated with p;, and the set given
by V(P) = {V(p1),..., V(pn)} is the hyperbolic Voronoi diagram gener-
ated by the set P of its generators. A Voronoi h-polyhedron is a closed
set, so it contains also its boundaries which are called Voronoi h-facets —
parts of spheres. It is a set of points, that are common for two adjacent
Voronoi h-polyhedrons. The boundaries of Voronoi h-facets are called
Voronoi h-edges, they can be h-line segments, h-rays or h-lines, and they
are intersecting in Voronoi h-vertices. Voronoi h-edge might be mutual
edge for three or more Voronoi h-polyhedrons, whose generators lie on an
Euclidean sphere. Voronoi h-vertex might be mutual vertex for four or
more Voronoi h-edges, respectively Voronoi h-polyhedrons.

In fact the Voronoi h-polyhedron for the generator p; is the set of points
closer to the generator p; comparing to any other generator. From this
definition, one can see that the Voronoi h-facet common for two generator
pi, p;j with adjacent Voronoi h-polyhedrons V(p;), V(p;), is a part of h-
bisector plane of p; and p;. We illustrate a hyperbolic Voronoi diagram
on the figure 3 from three different points of view.
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Figure 3: Non-degenerate hyperbolic Voronoi diagram for four points in
hyperbolic three-dimensional space.

Based on our previous results from Poincaré disk model and on the

properties of basic elements of Poincaré ball model, we identify the fol-
lowing problems:
1. In Euclidean 3-dimensional space, every three generators in generic

position form a triangle. Let us consider the circumcircle of the tri-
angle as the equator of a sphere. We called such a sphere a circum-
sphere of the triangle. Let this circumsphere be empty, i. e. there is
no other generator inside or on the circumsphere. Then we construct
bisector planes of the line-segments given by these three generators.
These bisector planes intersect in unique line incident with the cen-
ter of this circumsphere. Clearly, it is the axis of the circumsphere.
Each bisector planes contain a Voronoi face and part of this axis
form a Voronoi edge.

. In Euclidean 3-dimensional space, every four noncoplanar generators

form a tetrahedron. These generators lie on an unique sphere called
circumsphere of the tetrahedron. The bisector planes — its parts
form the Voronoi facets — of the line-segments given by these four
generators meet in the center of this sphere — Voronoi vertex.

Both cases are true also in hyperbolic geometry. But what we have
to be careful about is the type of circumsphere in hyperbolic sense.
In case, when circumsphere is in hyperbolic sense a h-plane, horo-
sphere or hypersphere, its h-center — Voronoi h-vertex — is ideal
or external point of Poincaré ball model. Depending on that, the
resulting Voronoi h-diagram may have fewer facets, edges and ver-
tices compared to the Euclidean Voronoi diagram for the same set
of generators.

Furthermore, as in Euclidean geometry, we call the hyperbolic Vo-
ronoi diagram degenerate if

(a) four or more Voronoi h-facets meet in one Voronoi h-edge,
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(b) five and more Voronoi h-edges meet in one Voronoi h-vertex.

To ensure, that these problems do not occur, we observe the validity,
respectively invalidity, of the following assumptions.
Hyperbolic non-coplanarity assumption:

For a given set of points P = {p1,...,pn} € H?, (3 < n < 00), there is
no h-plane p such that the points p;, , ..., p;, € P, (k > 3) lie on the h-plane
w and all the other points of P\ {p;,,...,p;,} are in the same half-space
given by the h-plane p.

Horosphere assumption:

For the given set of points P = {p1,...,pn} € H?, (3 < n < 00), there
is no horosphere « such that the points p;,, ..., p;, € P, (k > 3) lie on the
horosphere o and all the other points of P\ {p;,,...,p;, } are the external
points of the horosphere a.

Hypersphere assumption:

For the given set of points P = {p1,...,pn} € H2, (3 < n < o), there
is no hypersphere 8 such that the points p;, , ..., p;, € P, (k > 3) lie on the
hypersphere 8 and all the other points P\ {p;,,...,p;, } are the external
points of the hypersphere 5.

Hyperbolic sphere assumption:

For a given set of points P = {p1,...,p,} € H?, (4 < n < 00), there
is no h-sphere ¢ such that the points p;,,...,p;, € P,(k > 4) lie on the
h-sphere § and all the other points of P\ {p;,,...,pi, } are the external
points of the h-sphere 4.

It is not surprising that these conditions are just an extension of as-
sumptions from a planar case. We illustrate the case, when four generators
(the red points) of hyperbolic Voronoi diagram lie on the hypercycle (the
blue part of sphere) from three different points of view on the figure 4.

®

Figure 4: Hyperbolic Voronoi diagram which does not meet a hypersphere
assumption.
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4 Conclusion

Further, we are interested in the validity or invalidity of these conditions,
because we can observe the difference between the Euclidean and hyper-
bolic Voronoi diagram for the same set of generators in the number of
facets, edges and vertices. In addition, it affects the existence of a dual
graph — Delaunay tesselation of the given hyperbolic Voronoi diagram.
We can not use the term ”tetrahedralization”, because the result of dual
tesselation does not have to be a tetrahedralization.

Now we know the behaviour of Voronoi diagram in three-dimensional
hyperbolic space. For the future, we would like to construct the dynamic
version of three-dimensional hyperbolic Voronoi diagram while one of the
generator is moving along the h-line segment, h-sphere or in the h-plane
and observe the validity of these assumptions.
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Abstract.  Mesh refinement via quadric fitting takes point-normal
pairs as an input. Singularities in such mesh are obtained by assigning
zero normal vector to the input point. In this paper, we inspect on
the behaviour of the refinement near the singularity with respect
to connectivity of the mesh. We provide examples of refinement on
synthetic and real data.

Keywords: subdivision, mesh procesing, singularities, implicit surface.

1 Introduction

The refinement schemes for polygon meshes usually aim to produce smooth
limit surfaces. The occurrence of singular points is often undesired. The
vicinity of such points needs to be analysed separately and the condi-
tions for the desired order of continuity are formulated in order to avoid
singularities [3, 5].

However, singularities naturally appear in implicit surfaces. Quadric
fitting refinement (QFR) uses approximation of a certain part of the input
mesh by a quadric surface. There are three types of real quadrics with
singularities — cone (isolated singularity), intersecting planes (singularities
on the line) and coincident planes (all points are singular).

In our work, we use quadric fitting refinement for meshes with trian-
gular or quadrilateral faces (tri/quad meshes), where several input points
are singular. We inspect on behaviour near the singularities, mainly with
respect to the edge connectivity near the singularities. The presence of
singular points may be used to represent implicit surfaces with singulari-
ties or as a modelling tool to create spikes, cusps or even sharp edges.

2 Implicit surface and singularities

To define a singular point on a polygon mesh we use the notion of the
singularity on an implicit surface as a motivation [4].

Definition 2.1. Let g : R? — R be a real valued function of three vari-
ables. Then, an implicit surface Z(g) is the set of all zeros of g, i. e.

2(9) = {(z,y.2)" € R?|g(z,y,2) = 0}. (1)

The singular point of the implicit surface is such point, that all the
partial derivatives of the function g vanish.
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Definition 2.2. The gradient of the function g at the point (z,y,2)" is
the vector

g dg g i
Vg(%y,z) = (&E(%yaz)v&/(%%z)aaz(%y,z)> . (2)

The point (z,y,2)" € T is called singular if Vg(z,y,z) = 0.

The gradient of the function g at the point (z,%,2)" € T represents
the normal vector of this surface. Since we represent the mesh as a set of
point-normal pairs, connected by edges, the singular vertices of the input
mesh may be characterized by setting the associated normal vector to the
zero vector, i. e. pairs of form (P, 0).

3 Refinement of triangles and quadrilaterals

Consider the input mesh M, created by point-normal pairs (P,n). These
are connected by edges and formed into faces, which are either triangular
or quadrilateral. For each (P,n) € M we assign a neighbourhood H =
{(Pi,ny)},i=1,....m, Pi = (xp,yp,,2p,) s0; = (Tn,,Yn,, 2n,) , Where
m > 5 and the point-normal (P,n) € H. For this neighbourhood, we find
a quadric surface Q with equation ¢(x,y, z) = 0 with coefficients stored in
the vector a, by solving the equality constrained quadratic programming
(QP) problem

m

minimize f(a) = Z (wig*(xp;, yp;, 2p;) + wil| Va(xp, , yp;, 2p;) — 0i|%), wi,w; #0
=1

subject to Ea' =d.

3
By developing the objective function f(a), which measures the algebraic
distance between a point and quadric, and the deviation between a normal

1
vector and gradient, we get the desired form —aQa ' +ac' +¢ for solving

the QP problem. The matrix E and the vector d determine the equality
constraints, so the quadric interpolates the point P = (zp,yp,zp)' and
the normal n = (zy, ¥n, 2n) |, i. €. the following holds:

q(xp,yp,zp) =0,
Jq
%(-eryPsz) = Zn,
o, _ ()
dy P,YP,%P) = Un,
Jq
0z

(HCP,ypsz) = Zn-
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The topological step of the refinement uses 1-to-4 split, similarly as
in Loop scheme [1] for triangles and Catmull-Clark [2] scheme for quadri-
laterals. Since each of the quadrics is interpolating its associated point-
normal, we need to determine the position only for the newly inserted
point-normals.

For both triangular and quadrilateral faces we add the edge point
as follows. Consider the edge, created by points P;, P; and denote the
equations of the associated quadrics Q; and Q; by ¢;(x,y,2) = 0 and
g;(x,y,z) = 0, respectively. The edge point is computed as a footpoint of
the point 1/2P; + 1/2P; onto the quadric 1/2¢;(z,y, z) + 1/2¢;(z,y, 2) = 0,
i. e. the projection of the midpoint of the edge onto the metamorphosis
of the quadrics Q; and Q;.

To split quadrilateral faces we also need to introduce the face point.
Denote by P;, Pj, Py, P, and ¢;(z,y, 2), ¢;(z, y, 2), qk(x, v, 2), (2, y, z) the
vertices of the quadrilateral and their respective quadratic equations. The
face point is computed as projection of the barycentre 1/aP; + 1/aP; +
1/4P, + 1/aP; onto the quadric given by 1/ag;(z,y,z) + 1/ag;(z,y, z) +
1/4Qk<-'17, Y, Z) + 1/4QZ<377 Y, Z) =0.

4 Refinement near singularities

As previously mentioned, the singular point-normal pairs of the input
mesh have form (P,0). Let the fitted quadric Q interpolate the point-
normal (P,0). Then, Q is singular at that point as well. This means,
that the fitted quadric might be either real cone, intersecting planes or
coincident planes.

The type of the fitted quadric depends on the number and position of
the singular points within the neighbourhood H. We enlist several cases
which have been inspected.

All points of the neighbourhood are singular — in such case, the
QP problem (3) yields a homogeneous system of linear equations,
so there is no unique solution of the system.

Three collinear points are singular - denote by (P, 0),(P;,0) € H
the point-normal pairs, whose points share the common edge with
P, and let Py, P, P, be collinear. Then, the fitted quadric Q is
intersecting planes.

Only P is singular — in this case the fitted quadric is a real cone, since
it is the only type of quadric with isolated singularity.
In other situations (e. g. two singular points in H), the fitted quadric is
a cone, as implied by our experiments. However, it needs to be thoroughly
examined, that there are no other situations, where the fitted quadric may
be of other type.
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v ¥

a) Input mesh of cone. The singu- ) The mesh after 3 iterations of
larlty at the apex is highlighted by the refinement. The singularity at
the white circle. the apex is retained.

Figure 1: Refinement of the cone.

NN

(a) Input mesh of the intersecting

half-planes. The singularities on the ) The mesh after 3 iterations of
intersection line are highlighted by the refinement. The singularities on
the white circles. the intersection lines are retained.

Figure 2: Refinement of the intersecting half-planes.

5 Experimental results

Firstly, we tested the refinement of the meshes of a half-cone and inter-
secting half-planes. As we see in the figure 1, the isolated singularity is
retained after refinement. In the case of the half-planes the singularities
on the intersection line are preserved, see the figure 2. More precisely,
the inserted edge point is singular, if the edge consists of singular points,
whose fitting quadrics are intersecting planes.

Consider now the mesh with an edge, whose endpoints Py and P, are
singular and no more singularities are present in the vicinity of this edge.
Then the inserted edge point is not singular, since the associated quadrics
Qp, Q1 are cones, see the figure 3.

The notable situation occurs in the case of the refinement of a cube. To
get the best possible result, we set the associated normals of the points on
the edges and at the corners of the cube to zero vectors (the figure 4 (a)).
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(b) The mesh after 3 iterations of
(a) Input mesh with two neighbour- the refinement. The original singu-
ing singularities. The singularities larities are retained, however the in-
on the mesh are highlighted by the serted edge points do not lie on a
white circles. line.

Figure 3: Refinement of the mesh with two neighbouring singularities.

The normals at the face of the cube are set with respect to the underlying
planes. As we see in the figure 4 (b), the refinement in the interior of the
edges preserves the lines, since the fitting quadrics are intersecting planes.
However, in the case of the cube corners, the fitting quadric is a cone,
which causes deformation in the vicinity of the corners. To preserve the
lines in the vicinity of the cube corner, the fitting surface should be three
intersecting planes, which is, however, not a quadratic surface.

6 Conclusion

In this paper, we inspected on the quadric fitting refinement of tri/quad
meshes near singularities, which were characterized by assigning zero nor-
mal vector to a point.

We analysed several positions of the singularity within the neighbour-
hood with respect to the connectivity (e. g. isolated singularity) and its
influence on the fitted quadric. The problem arises, when the minimiza-
tion of the objective function leads to the homogeneous system of linear
equations, i. e. when all points of the neighbourhood are singular. We plan
to inspect on such situations by obtaining the coefficients of the quadric
using the singular value decomposition.

In the last part we provided several examples to demonstrate that the
refinement retains isolated singularities and the interior of the singular
lines. We reached a limitation in the attempt of reproduction of the
polynomial surface of the third degree (three intersecting planes in the
vicinity of the corner of the cube), since the fitted surface was a cone.
Thus the newly inserted point-normals were not singular.

We plan to extend the study of the behaviour near the singularities for
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(a) Input mesh of the cube. The
singularities on the mesh are high- (b) The mesh after 3 iterations of
lighted by the white circles. the refinement.

Figure 4: Refinement of the cube.

the meshes with singular polyline. The aim is to explore the possibility
to use the refinement for modelling of the embankment surfaces. More
precisely, we will focus on the refinement near the singular polyline, i. e.
if the singular limit curve might be obtained.
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Abstract. In the text the following property of chords of conic
sections is investigated. Consider a conic, an arbitrary point O an

oints U,V on the conic such that OV L OQU. Then the locus of the
oot P of the normal from O to the line UV when U moves along the

conic is a circle (or a line in particular cases). Firstly the locus is
explored using dynamic geometry software GeoGebra, secondly using
computer algebra system CoCoA the locus equation is derived. The
locus is related to well-known theorems and concepts, as Simson line
and Frégier point.

Keywords: Conic sections, chord of conics, elimination ideal, Frégier
point.

1 Introduction
We will investigate the following problem:

Let UV be a chord of an ellipse centered at O such that OU 1L OV. De-
termine the locus of the foot P of the perpendicular from O to the chord
UV when U moves along the ellipse.

Using the command Locus in GeoGebra it seems that the locus is a circle,

Figure 1: Determine the locus of P when U moves along the ellipse

see Fig. 1.

It turns out that the point O may not be at the center of a conic. This
enables to use this construction for all conics, Fig. 2.
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Figure 2: The locus of P is a circle

2 Locus equation
Based on previous constructions we formulate the following theorem:

Theorem 1: Given a conic k, a point U in k and an arbitrary point O.
Let V € Kk be such that OV L OU. Then the locus of the foot P of the
perpendicular from O to the line UV when U moves along the conic is:

a) a circle if k is not an equilateral hyperbola or a pair of mutually or-
thogonal lines,

b) a line if k is an equilateral hyperbola or a pair of mutually orthogonal
lines.

Proof. Consider a conic
kiar? + ey +de+ey+ f=0. (1)

Choose a rectangular system of coordinates such that O = [r,s], U =
[u1,us], V = [v1,v2], and P = [p, q], Fig. 3. Then:

U€kr< hy =au?+cud+du +eus+ f =0,
Vershy :=av%+cv§+dv1+evg+f20,
OV LOU < hg = (u1 —r)(v1 —7) + (ug — s)(v2 — s) =0,
OP LUV & hy:=(p—r)(ur —v1)+ (¢ — 8)(ug —v2) =0,
PeUV & hy := pus + u1vs + quy — usvy — pvg — quq = 0.
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Figure 3: Determine the locus of P when U moves along the conic

Elimination of w1, us, vy, vs in the system hy = 0,hy =0, ... hs = 0 yields
Zero

Use R::=Q[a,b,c,d,e,f,p,q,r,s,ull..2],v[1..2]];
I:=Ideal(hl,h2,h3,h4,h5);

Elim(ul1]..v[2],D);

Ideal(0);

elimination ideal, see [1]. To finish elimination, let us suppose that U # O,

Figure 4: For equilateral hyperbola or two orthogonal lines the locus is a
line

ie. ((up —7)% + (ug — 5)?)t — 1 = 0, where t is a slack variable. Adding
this condition to the ideal I and eliminating variables w1, us, v1, v2,t, one
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obtains
(a+c)P*+¢*) +(d—2cr)p+ (e —2as)g+er? +as* +f=0. (2
In (2) we distinguish two cases:

a) If a+ ¢ # 0 then (2) is a circle.

b) If ¢ = —a, i.e. if k is an equilateral hyperbola or two orthogonal lines,
the locus equation (2)

p(d —2¢r) + q(e — 2as) + cr? +as® + f =0,
represents a line, Fig. 4.

Remark: The case with two orthogonal lines can also be proved straight-
forwardly. Applying the Simson—Wallace theorem on the triangle QUV
and O on its circumcircle, the points P, S, R are collinear (the Simson
line), Fig. 4 right.

3 Connection to the Frégier’s theorem
About in 1815 M. Frégier published the following theorem [2], [3]:

Given a conic k and a point O on k, then the hypotenuses of right-angled
triangles inscribed to k and having common right-angle vertex O intersect
at one point F, the Frégier point to O with respect to k.

We will prove it using the Theorem 1 when the point O lies on the conic,
Fig. 5. The hypotenuse UV of the right triangle UOV intersects the locus
circle ¢ at the points P and F'.

Figure 5: The point F is fixed for all positions of U

To show that the point F is fixed for all positions of U, realize that P lies
on the circle ¢ and hence the segment OF must be its diameter. Since O
and c are fixed the Frégier theorem follows.
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4 Generalization for two lines

In the case of two lines we can generalize the previous Theorem 1 regarding
decomposition of the conic into two mutually orthogonal lines:

Theorem 2: Given two lines p,q forming the angle o, and containing
point U on p and an arbitrary point O. Let V € q be such a point that
the lines OV and OU form the angle B. For U moving along the conic the
locus of the foot P of the perpendicular from O to the line UV is:

a) a circle if o+ B # 180°,
b) a line if o+ = 180°.
Proof. First suppose that oo + 8 = 180°, see Fig. 6.

Figure 6: If a 4+ 8 = 180° we get a line

This case can be proved straightforwardly. Realize that the quadrilateral
UOVQ is cyclic. Then P lies on the Simson—Wallace line Ry Ro related
to the triangle VQU.

Now suppose a + 3 # 180°, see Fig. 7.

We will show that the angle Ry PR, is constant and equal to a4+ 3. Realize
that the points R;, Ry are fixed, depending only on p,q and O. We see
that /R PV = / R0V =4, since the quadrilateral POR,V is cyclic.

Similarly,
LR1PU =/R,0U =¢.
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Q\ U - R
Figure 7: For a + 8 # 180°, the locus of P is a circle

As OR1QR; is a cyclic quadrilateral, one obtains
0+ f+e+a=180°.

Then
/RiPRy,=180° -0 —ec=a+pf

which is constant and therefore P lies on the circle.

5 Conclusion

In the text the locus which is related to chords of conics is described. The
locus is a circle or in particular cases a line. In the future the author
would like to study a 3 dimensional generalisation of this problem.
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Abstract. Study programs at the Faculty of Civil Engineering, the Faculty of
Architecture and Design and at the Institute of Management STU in Bratislava are
still open to geometric subjects after accreditation in 2021. The civil engineer,
architect or surveyor of the future has great software and technological
possibilities in the creation and realization of a building object, while the
geometric and spatial imagination enhances their effective use. The content,
methods and forms of teaching geometry require updating related to the
subsequent application of student knowledge in professional subjects and in
construction practice. In this paper we will show these aspects on the applications
of geometry in the teaching of geometric subjects for specific fields of study. At
the same time, we will present an analysis, experience and demonstrations of
methods used during distance form of teaching descriptive geometry.

Keywords: applications of geometry, accreditation, study program, geometric
subjects, distance learning

Klucové slova: aplikacie geometrie, akreditacia, Studijny program, geometrické
predmety, diStan¢na vyucba

1 Casovy dosah akreditacie z hPadiska geometrickych
predmetov v pésobnosti KMDG na SvF v Bratislave

Oddelenie deskriptivnej geometrie na Katedre matematiky a deskriptivnej
geometrie Stavebnej fakulty Slovenskej technickej univerzity (STU) v Bratislave
pOsobi na nasledujucich Studijnych programoch rozdelenych podrla institacii:
- Stavebna fakulta STU:

*  Pozemné stavby a architektira

»  Civil Engineering

*  Technolégie a manazérstvo stavieb

* Inzinierske konstrukcie a dopravné stavby

*  Vodné stavby a vodné hospodarstvo

*  Krajinarstvo a krajinné planovanie

*  Geodézia a kartografia
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*  Matematicko-pocitacové modelovanie
- Fakulta architekttry a dizajnu STU:
*  Architekttra a urbanizmus
- Ustav manazmentu STU:
*  Priestorové planovanie
V roku 2021 prebehla akreditacia vSetkych Studijnych programov, ktorej
casovy dosah na vyjadruje schéma na Obr. 1. Napriek tomu, Ze vyucovanie podl'a
tejto akreditacie bude prebiehat’ 5 akademickych rokov (od 2021/22 do 2025/26),
vplyv na geometrické zru¢nosti, znalost’ geometrickych objektov a priestorova
predstavivost’ absolventov uvedenych S$tudijnych programov je pre 6-ro¢né
inzinierske odbory v rozsahu az 11 akademickych rokov (do 2030/31). Z toho
vyplyva, Ze tvorba Studijnych programov, skladby predmetov a ich obsahu je
potrebné robit’ s viziou do budiicnosti. Preto je potrebné polozit’ si otazky, aké
dosledky bude mat’ zrusenie, redukovanie, ¢i ponechanie predmetu. V dobe
rychleho vyvoja technologii je dolezité mysliet na inovacie, na zmenu
podmienok na $kolach, zmenu myslenia a pod.

. . — Posledni Posledni Posledni Posledni
Zatiatok vyucby Posledni prvdci absolventi absolventi absolventi || absolventi 6-
podfa podfa 344 roéného 4- roEne’ho 5-ro¢ného ro¢ného Ing.,
akreditacie 2021 akreditdcie 2021 Ing. ' Ing. arch.
2021/22 2025/26 2027/28 2028/29 2029/30 2030/31

Obr. 1: Casovy dosah akreditacie $tudijnych programov STU v roku 2021

2 Specifika geometrie pre rozne §tudijné programy

Vo vyuCovani geometrickych predmetov dlhodobo preferujeme aplikacie
geometrie v inZinierskej praxi, ¢omu prispdsobujeme obsah, aj formu. Na
jednotlivych studijnych programoch vymenovanych v tvode je rézny rozsah
geometrie, no pri tvorbe obsahu predmetu vychadzame z potreby geometrického
myslenia v odbornych predmetoch.

Na $tudijnom programe Pozemné stavby a architektira (4 roky bakalarsky +
2 roky inZiniersky stupenl) je povinny predmet Deskriptivna geometria
Vv tyzdennom rozsahu 2 hodiny prednasky a 2 hodiny cvicenia a kon¢i skuskou,
a tiez povinny predmet Zaklady pocitaéovej podpory projektovania v tyzdennom
rozsahu 1 hodina Specidlneho seminarneho cvicenia a 2 hodiny cvicenia, ktory
kon¢i klasifikovanym zapo¢tom. V predmete Deskriptivna geometria sa Studenti
zoznamia so zobrazovacimi metodami, geometrickymi krivkami a plochami
aplikovanymi v pozemnom stavitel'stve. Cielom predmetu Zaklady pocitacovej
podpory projektovania je tvorba stavebného vykresu nastrojmi AutoCADu.
Vedomosti a zruénosti ziskané v tychto predmetoch su potrebné takmer vo
vSetkych predmetoch, na bakalarskom stupni $tudia, ako napr. Konstrukcie v
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architektiire 1-4, Ateliérova tvorba, Navrhovanie a realizdcia geotechnickych
stavieb, Navrhovanie a realizacia vodnych stavieb, na inZinierskom stupni st to
napr. Konstrukcie v architekture 5. Podobna situacia je aj na Studijnom programe
Civil Engineering.

Studijny program Technolégie a manazérstvo stavieb (3 roky bakalarsky + 2
roky inziniersky stupen) ma tiez povinny predmet Deskriptivna geometria
V tyzdennom rozsahu 2 hodiny prednasky a 2 hodiny cviCenia, ktory konci
skaskou. Geometrické vedomosti su potrebné vo viacerych predmetoch na
bakalarskom stupni §tadia, ako napr. Konstrukcie v architektare 1-3, Ateliérova
tvorba 1-4, Architektonické navrhovanie budov 1-3, Ateliérova tvorba
(urbanizmus), Urbanizmus a tzemné planovanie, Sucasné trendy a inovécie v
konstrukciach a architektare, Vizualizacie a virtudlna realita, BIM a na
inzinierskom stupni su to napr. Architektonicko-konstrukény ateliér 1-3,
Pocitacova grafika a vizualizacie 1-2.

Na $tudijnom programe Inzinierske konstrukcie a dopravné stavby (3 roky
bakalarsky + 2 roky inziniersky stupenl) je povinny predmet Deskriptivna
geometria v tyZzdennom rozsahu 2 hodiny prednasky a 2 hodiny cvicenia, ktory
konéi skuskou. Geometrické vedomosti Studenti aplikujt v odbornych
predmetoch zameranych na dopravné stavby, ako cesty, mosty a pod., ako st
Stavebné konstrukcie 1-2, Poéitatové modelovanie konstrukeii, Cesty a dial'nice,
Drevené prvky a konstrukcie, Stavba pozemnych komunikacii.

Studijny program Vodné stavby a vodné hospodarstvo (3 roky bakalarsky +
2 roky inziniersky stupefl) ma povinny predmet Deskriptivna geometria
V tyzdennom rozsahu 2 hodiny prednasky a 2 hodiny cviCenia, ktory konci
skuskou. Geometrické vedomosti Studenti aplikuju v odbornych predmetoch
zameranych na vodné stavby, na bakalarskom stupni ako napr. Stavebné
konstrukcie 1-2, Dopravné stavby, Stavby vodného hospodarstva a krajiny,
Ateliérova tvorba — vodné hospodarstvo krajiny, Kovové a drevené konstrukcie
a na inzinierskom stupni napr. CAD systémy vo vodnom hospodarstve,
Geografické informa¢né systémy (GIS) vo vodnom hospodarstve.

Na studijnom programe Krajinarstvo a krajinné planovanie (3 roky
bakalarsky + 2 roky inziniersky stupen) je tiez povinny predmet Deskriptivna
geometria v tyzdennom rozsahu 2 hodiny prednasky a 2 hodiny cvicenia, ktory
kon¢i sktskou. Geometrické vedomosti a myslenie je potrebné v odbornych
predmetoch zameranych na urbanizmus, navrhovanie a planovanie krajinnych
prvkov. Na bakalarskom stupni su to predmety ako Urbanizmus 1, Ateliér
krajinného planovania 1-3, CAD systémy v krajinnom planovani, Stavby
vodného hospodarstva a krajiny, Kovové a drevené konStrukcie a na
inzinierskom stupni Poéita¢ova podpora projektovania v hydrotechnike.

Na Obr. 2 je ukazka grafickej prace z Deskriptivnej geometrie $tudenta 1.
roénika Krajinarstva a krajinného planovania, ktorého téma bola aplikacia
kuzeloseciek v navrhovani pddorysu parku.
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Obr. 2: Ukazka zadania z Deskriptivnej geometrie $tudenta Martina
Zaborského na tému ,,Aplikacia kuzeloseciek v parku®

Na Stavebnej fakulte STU ma Studijny program Geodézia a kartografia (3
roky bakalarsky + 2 roky inziniersky stupenl) vacsi rozsah geometrickych
predmetov ako uz uvedené $tudijné programy. Studenti Geodézie a kartografie
maju povinny predmet Deskriptivna geometria v tyzdennom rozsahu 2 hodiny
prednasky a 2 hodiny cvicenia a povinny predmet Metoédy zobrazovania, kde st
za tyzden 2 hodiny prednasok a 1 hodina cviCenia, obidva predmety koncia
skaskou. Ziskané geometrické vedomosti Studenti aplikujt v odbornych
predmetoch, a to na bakalarskom stupni aj inzinierskom stupni, ako su
Interaktivne grafické systémy, Priestorové modelovanie v GIS, CAD systémy v
geodézii 1-2, Katastralne mapovanie 1-2, Kartograficka tvorba a reprodukcia,
Globalna geodézia 1-2, Fotogrametria 1-2, Kozmicka geodézia 1-2 a predmet
Matematicka kartografia, ktory na inzinierskom stupni $tudia tieZ garantuje
Katedra matematiky a deskriptivnej geometrie (KMDG).

V uvedenom predmete Metody zobrazovania sme zahrnuli aplikacie
zobrazovacich metod a geometrického myslenia v geodézii a Kartografii.
Obsahom predmetu st geometrické zaklady fotogrametrie, cylindricka a konicka
perspektiva, a tiez geometrické zaklady kartografie. Na Obr. 3 je ukazka
vypracovaného grafického zadania z predmetu Metédy zobrazovania na tému
,Linearna perspektiva a fotogrametria“ Studentky 1. roénika bakalarskeho $tadia.
Ulohou studentov je urobit grafickii rekonstrukciu terestrickej snimky
stavebného objektu a zo ziskanej Mongeovej projekcie objektu zostrojit’ jeho
linearnu perspektivu. Na ukazke je rekonstrukcia objektu zo zvislej snimky
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a konstrukcia jeho Sikmej perspektivy. V pripade rekonstrukcie objektu zo
Sikmej snimky $tudenti zostrojuju zvislu perspektivu objektu.

Obr. 3: Ukazka zadania z Metdd zobrazenia Studentky Kristiny Drddkovej na
tému ,,Linedrna perspektiva a fotogrametria“

Na Stavebnej fakulte bol v roku 2006 akreditovany S$tudijny program
Matematicko-poéitatové modelovanie (3 roky bakalarsky + 2 roky inZiniersky
stupenl), ktory zostavila a garantuje Katedra matematiky a deskriptivnej
geometrie. Zameranie na aplikovanii matematiku a informatiku si vyzaduje aj
vysoku uroven geometrickych vedomosti, preto je na tomto programe povinnych
viac geometrickych predmetov, a to Geometria v tyzdennom rozsahu 2 hodiny
prednasky a 2 hodiny cvienia, ktory kon¢i skuskou, Softvér (AutoCAD)
Vv tyzdennom rozsahu 1 hodina prednasky a 2 hodiny cvicenia, ktory konéi
klasifikovanym zapoctom, tiez Pocitacova grafika a Softvér (Vizualizacny) na
bakalarskom stupni. Na inzinierskom stupni Studia je dolezity geometricky
predmet Diferencidlna geometria a geometrické myslenie je potrebné napr.
v predmete Spracovanie obrazu a Matematické modelovanie v geodézii, no tiez
pri vypracovavani bakalarskych a diplomovych prac.

Pre vSetky Studijné programy na Stavebnej fakulte je akreditovany volite'ny
predmet Vybrané kapitoly z deskriptivnej geometrie, ktorého obsahom si
metody osvetlenia, zrkadlenia, geometrické zaklady fotogrametrie a aplikacia
nerozvinutel'nych pléch v stavebnej praxi.

Posobenie Oddelenia deskriptivnej geometrie KMDG je tiez na Ustave
manazmentu STU v Bratislave, a to na S$tudijnom predmete Priestorové
plénovanie vo vyucovani predmetu Geometria v tyzdennom rozsahu 2 hodiny
prednasky a 2 hodiny cvic¢enia konciaceho skuSkou. Ziskané geometrické
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vedomosti, zru¢nosti a myslenie $tudenti aplikujt v odbornych predmetoch, ako:
Zobrazovacie metddy v priestorovom planovani, Priestorové planovanie,
Uzemné planovanie, Projekt priestorového planovania I-V, Krajinné planovanie,
Ateliér navrhovania I-VIII, Modelovanie, Krajinna a parkova architektira,
Uzemné planovanie, Ateliérovy seminar I-1V.

Na Fakulte architektury a dizajnu STU v Bratislave boli v akreditacii 2021
urobené viaceré zmeny. Na Studijnom programe Dizajn bol zruseny predmet
Deskriptivna geometria a na $tudijnom programe Architekttra a urbanizmus sa
predmet Matematika zmenil na vyberovy.

MONGEOVA PROJEKCIA KOLMA AXONOMETRIA - REDUKENA METODA
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Obr. 4: Ukazka zadania z Deskriptivnej geometrie I Studenta Erika Zuriana na
tému ,,Zobrazenie domu v Mongeovej projekcii a kolmej axonometrii‘

Geometria na Studijnom programe Architektira a urbanizmus (4 roky
bakalarsky + 2 roky inZiniersky stupefi) ma stale silné zastpenie, a to v dvoch
akreditovanych povinnych predmetoch: Deskriptivna geometria I a matematické
myslenie a Deskriptivna geometria II. Obidva predmety majt tyZdenny rozsah 2
hodiny prednasky a 1 hodinu cvi¢enia a koncia sa skuskou. Geometrické
myslenie je potrebné v kazdom odbornom predmete buducich architektov
a urbanistov, napr. Vytvarna tvorba I-1V, Architektonické kreslenie, Zaklady
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architektonického navrhovania, Stavitel'stvo I-V, Urbanizmus -1V, Ateliér
navrhovania 1-VIII, Modelovanie, Krajinnd a parkovéa architektara, Uzemné
planovanie, Ateliérovy seminar I-1V.

Pri vyucbe deskriptivnej geometrie pre Studentov odboru Architektira
a urbanizmus je tiez do velkej miery uplatiiovany aplikaény pristup. V ramci
tohto pristupu Studenti vypracovavaju grafické prace, ktoré st kombinaciou
viacerych zobrazovacich metdd, napr. v zimnom semestri je to zobrazenie
rodinného domu v Mongeovej projekcii a kolmej axonometrii (Obr. 4). V lethom
semestri nadvdzuji zobrazenim domu V linearnej perspektive (Obr. 5)
a aplikaciou rotacnej alebo skrutkovej plochy pri zobrazeni stavebného objektu
(Obr. 6). Cielom takychto komplexnych zadani je upevnit prepojenie
deskriptivnej geometrie a odbornych predmetov ako Zaklady navrhovania &i
Ateliér navrhovania, kde $tudenti vo vyslednej semestralnej praci predkladaja
svoj vlastny navrh rodinného domu prezentovany bohatou obrazovou
dokumentéciou prave s aplikdciou spomenutych zobrazovacich metod.

MONGEOVA PROJEKCIA ZVISLA LINEARNA PERSPEKTIVA

)
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ZVISLA LINEARNA PERSPEXTIVA ZVISLA LINEARNA PERSPEKTIVA
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Obr. 5: Ukazka zadania z Deskriptivnej geometrie I $tudenta Erika Zuriana na
tému ,,Zobrazenie domu v Linearnej perspektive*
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Obr. 6: Ukazka zadania z Deskriptivnej geometrie II studentky Nikolety
Mitrikovej na tému ,,Aplikécia skrutkovej plochy*

3 Skusenosti s realizaciou diStan¢nej formy vyucby
geometrickych predmetov

Zmena vyucby z prezenénej formy na diStanén(i sa udiala velmi nahle
a zastihla ucitel'ov viac ¢i menej pripravenych. Velkou vyhodou bolo Ze uditelia
z nasho pracoviska uz mali zauzivanu formu prednasok a cviCeni pomocou
PowerPoint prezentacii, ktoré umoznuji postupné krokovanie a su efektivne
pouziteI'né pri video-konferenénej vyucbe v prostredi Google Meet a MS Teams.
Tieto materialy st tiez pristupné Studentom na dokumentovom serveri
akademického informa¢ného systému. Taktiez sme mohli Studentom ku
konkrétnym témam odporuéit’ aj elektronické Studijné materialy, dostupné
online, doplnené vizualizaciami pomocou AutoCADu [1], [2], [3], [4], [5].

Obr. 7: Vyuzitie grafického tabletu
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Samotna komunikécia so Studentami prebiehala v online prostredi Google
Classroom, kde im boli zdiel'ané dolezité informacie, instrukcie k zadaniam ¢&i
nahravky prednasok. Tu tiez Studenti nahravali a konzultovali svoje grafické
prace a testy, ktoré sa dali efektivne zobrazovat’ a organizovat’.

Pri samotnej realizacii vyucby sa velmi osved¢ilo pouzivanie grafického
tabletu typu Pen&Display. Na prednaskach a cvi¢eniach mal ucitel moznost’
interaktivne podla potreby dokreslovat’ dopliujice informacie ¢i pomocné
konstrukcie priamo do snimok prezentacie (Obr.7) alebo v grafickom prostredi
ako OneNote ¢i Jamboard.

Dalsia vyhoda sa ukézala pri kontrolovani a konzultovani grafickych zadani
v sucinnosti napr. s Windows aplikaciou Snip&Sketch, kde na obrazovke
grafického tabletu bolo mozné priamo rukou, alebo aj pomocou virtudlneho
pravitka, dopisovat a dokresl'ovat’ Studentom doporucené upravy (Obr.8).
Obrazok s vysvetlenim a grafickymi pozndmkami bol pre Studentov urcite
nazornej$i ako len textovy popis stavu zadania.

ke
2spsy ta

o asldaing
et !

Obr. 8: Ukazka opravy grafickej prace v prostredi Snip&Sketch

4  Zaver

Upravu skladby a obsahu predmetov vykonani v akreditacii $tudijnych
programov STU uvedenych v ¢lanku a distanénu vyucbu v sucasnej situdcii
pokladame za vyzvu, ktord posuva vyucbu geometrie k efektivnemu vyuzitiu
dostupnych technologickych prostriedkov. Zaroven sa potvrdil spravny trend
vypracovania a vyuzivania interaktivnych S$tudijnych materidlov na naSom
pracovisku, ktorych autorkami su ¢lenky Oddelenia deskriptivnej geometrie
KMDG. Uvedomenie si viac ako desatrocného c¢asového dosahu zmien
Studijnych programov v akrediticii na absolventa je dolezity z hladiska
zachovania trendu vyucovania aplikacii a vyuzivania modernych technolégii vo
vyucbe geometrie, a to s reSpektom ku zmendm v mysleni Studentov.
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Abstract. With the advent of modern technology, it is often much
more accessible to draw on a computer than on paper. It is necessary
to choose the right program. There are efforts to make special software
for a specific projection, but usually, these programs do not last
long. For example, In 1999, Petr Plavjanik’s program - Deskriptivni
geometrie celebrated success in SPA and INVEX ’99. After a few
years, its development was stopped. For this reason, it is better and
more convenient for the users to use some general graphics software.
GeoGebra is one of them, and it also has an outstanding possibility to
create your own custom tools. Each projection has its principles for
which custom tools can be created. This article aims to show using
GeoGebra with own custom tools as additional software to display
objects in double orthogonal projection and 4D perspective.

Keywords: Custom tools, GeoGebra, Graphics software

1 Introduction

Every author writing any text on synthetic geometry has experienced a
situation when it was necessary to insert some drawn pictures into the
written text. In the old days, pictures were drawn by hand and then in-
serted into a book. Nowadays, the figures are drawn on the computer and
there are a few questions about it. What software to choose for solving the
problem and in which software it will be done with the least effort. The
images can theoretically be painted in Microsoft Paint [6], but without
facilitation tools it will be tough work. A better option is to use special
software specifically designed for the projection. A Sketch 360 described
in [13] is a program for Drawing Equirectangular Spherical Perspectives
unfortunately the program is quite narrowly focused. For Monge’s pro-
jection, it is possible to use a program by Petr Plavjanik Deskriptivni
geometrie [1]. This program won the first place in the national round of
the Czech Republic Student’s Professional Activities (SPA) in the field
of mathematics and mathematical informatics. It was also exhibited at
INVEX ’99 in the Creative Hall. Several hundred licenses of the program
were sold, it was used by 20 high schools and 6 universities in the Czech
Republic and at three universities in the USA, Brazil, and Egypt [1]. Af-
ter 2006, no new version of the program was released [2]. Any user has
the choice to choose a special software (like the one mentioned above) and
learn how to use it, or use a universal graphical software such as Geogebra
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[3]. In addition, GeoGebra offers the possibility to make drawing easier
with its own custom tools. Then any projection can be drawn in an easier
way (Poincaré disk model [7], Immersive perspective [8], Monge’s projec-
tion [10]). We are not yet aware of any software for displaying objects in
the double orthogonal projection of a 4-space onto two mutually perpen-
dicular 3-space and 4-perspective. For this reason, we choose GeoGebra,
where it is possible to draw line by line with basic tools, as when drawing
by hand, or it is possible to create your own custom tools and save the
work locally.

2 Double orthogonal projection and 4D perspective

Let us briefly introduce the double orthogonal projection of a 4-space
onto two mutually perpendicular 3-space (4DDOP). A double orthogonal
projection of a 3-space onto two mutually perpendicular planes is known
as Monge’s projection. 4DDOP method is a natural generalization of
Monge’s projection in 4D. Let us have a 4-space with reference axes z, v, z,
and w. A point P(pz,py, Pz, Pw) in the 4-space is projected orthogonally
to its two conjugated images in the 3-spaces Z(z, y, z) and Q(z, y, w). One
of the 3-spaces, say Z, is rotated about the plane 7 (z,y) to the second
(modeling) 3-space €2 such that z and w have opposite orientations (w
upwards, z downwards in this paper). As a result, the point P has two
conjugated images in the modeling 3-space — the E-image P3(pg,py,p:)
and Q-image Py (pz, py, Pw). The conjugated images P3 and Py lie on their
common ordinal line perpendicular to the plane 7(z,y) in the modeling
3-space. 4DDOP is thus described in [12], in detail in [11].

The aim of the 4-perspective is to display a visual image of an object
given for example by the combined orthogonal projections so that it is
similar to the image of the object perceived by the eye. 4-perspective is
the generalization of the linear perspective in a four-dimensional setting.
The 4-perspective is a central projection, in which each point is projected
from a fixed centre (viewpoint or camera) into a picture space. The re-
sulting intersection of the projecting ray and the picture space is called
the perspective image of the point.

3 Custom GeoGebra tools

To construct some objects in 4-perspective, there is a need to find the
object in 4DDOP and then project the object into a 4-perspective using
the associated 4DDOP. Similar to how an object from a Monge projection
is displayed in a linear perspective. Recently, it was necessary to visualize
a 3-sphere in 4-perspective (fig. 1) (Step-by-step construction [13]).

To visualize such an object, there is a need to use about 500 steps of
construction, or make it easier/faster by using a command line or custom
tools. In GeoGebra, it is possible to visualise objects by clicking on tools
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Figure 1: 3-sphere in 4-perspective and 4DDOP

or construct the object via the command line. If there are already many
lines in the image (especially in 3D), the user can simply click through.
For this reason, it is safer to use the command line for right construction.
The user can use simple commands. For example:

Line(< Point >, < Point >)

Clircle(< Point >, < RadiusNumber >)
Intersect(< Object >, < Object >)

or multiple command composed from simple commands:
Intersect(Line(< Point >, < Point >), Circle(< Point >, < RadiusNumber >)).

Commands inserted through the command line make work easier, and for fre-
quently repeated commands you often only need to change the variables inside
the command:

Intersect(Line(S1, S2), Circle(S,r))
Intersect(Line(O1, 02), Circle(O,r))
Intersect(Line(K1, K2), Circle(K,r)).
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If there is a need to use a structure frequently, or in other projects, it is better
to create a GeoGebra tool. After drawing the desired construction from which
the tool is to be made or downloaded as GeoGebra applet, the user must click
on ’ Tools‘ => ’ Create New Tool || Then select the input and output objects.
Thus, the tool will be successfully created and can be used or exported. For

export custom tools, there is a need to select them in | Manage Tools | and click
on . The tool is then saved as .ggt file and can be opened in any

GeoGebra just by dragging the mouse. It is recommended to have a folder in
the computer with tools that the user can drag and drop with the mouse into
GeoGebra as needed. This way the tools will always be at hand.

Figure 2: The orthogonal projection of a point perpendicular to the plane
into the plane

It is usually a good idea not to skimp on the creation of tools. The wrongly
named tool is no longer used by the author himself and if the tool does not have
a proper label, it is also no longer used. Consider, construction of a tool that
projects a point into a plane perpendicular to another plane (fig 2). If the author
does not distinguish in the label which plane is which and in what order they
are arranged in the tool, the result of the construction is completely different.
Point A” is created instead of point A’ (fig 2). And if the whole construction
is a bit messy because of many lines, the author will not even notice the wrong
solution.

Occasionally it happens that the user needs a tool, for example, the con-
struction of a quadric passing through 9 points. Unfortunately, there is no
database of custom GeoGebra tools. On the other hand, there is a database
of GeoGebra applets [4] where it is possible to find an applet constructing a
quadrilateral passing through 9 points [5]. There is a way to download the
applet from the website (top right) and create your own tool from the applet.
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In this particular case, the output will be a quadric, and the input will be the
required 9 points. On the one hand, sometimes it is worthwhile and convenient
to find the appropriate applet on Geogebra portal and create the tool from
it. However on the other hand, sometimes it is a problem to find the required
applet or the applet is often imperfect or incomprehensibly constructed. It is
up to each user whether it is faster and easier for them to use the command
line, create their own tools or create them from the GeoGebra applet. This is
a question for everyone to answer for themselves. The author of this article
combined all three methods as needed.

4 Geogebra tools used for visualize 3-sphere in
4-perspective

To simplify the construction of the 3-sphere in 4-perspective (fig. 1), the author
planned to use nine custom tools. This number was reduced to five because the
remaining four were entered via commands in the command line. As mentioned
above, there is no need to create a unique tool for everything. The individual
constructions used can be found in the properties of the objects in GeoGebra
applet [13] after download. The most used custom tool in this construction is
the orthogonal projection of a point onto a plane in a given direction. Another
tool finds the associated orthogonal projection of a point on the 4-sphere. This
tool is specifically constructed for solving this problem. The other tools are
generally applicable. Another tool is used to display the perspective projection
of an object from the associated projection of a point in 4DDOP and the given
4D perspective (H,G, D,). The author uses this custom tool in each project,
that includes 4-perspective. The last used tool is to display a quadric of 9
points. This tool uses the analytic opportunity of GeoGebra, and the quadric
is calculated analytically, after the only computed surface is visualised.

5 Conclusion

The author of this article describes the need to accompany texts on geome-
try with pictures. The text mentions the possibility to use special software,
which often does not even exist, or to use GeoGebra. The author of the article
describes the possibility to draw almost anything in GeoGebra. The easiest
method is to click all the constructions in there with the mouse. This method
is time consuming and the image becomes sometimes labyrinthine and unclear.
The second method is to use the command line. The user does not have the
possibility to click the wrong way, plus the commands can be grouped together
and in case of a repetitive construction there is a possibility just to change the
variables. The last option mentioned in the article is to create own GeoGebra
tool. The advantages of this approach include the ability to transfer the tool
between projects and the ability to create the tool from GeoGebra applets avail-
able online. In the end, the author describes the tools that are used to construct
the sphere in 4-perspective.
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Billiard Motions in Ellipses — Invariants
of Projective Nature
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Abstract. A billiard is the trajectory of a mass point in a domain
with ideal physical reflections in the boundary. The sides of billiards
in an ellipse e are tangent to a confocal conic called caustic c. If one
billard in e closes after N reflections, then this is holds for all billiards
in e with caustic ¢. The variation of these billiards is called billiard
motion. In this paper we focus on the diagonals and their envelopes
during the motion.

Keywords: ellipse, billiard, caustic, Poncelet grid, billiard motion

1 Introduction

A billiard is the trajectory of a mass point in a domain with ideal physical
reflections in the boundary. Already for two centuries, billiards in ellipses
and their projectively equivalent counterparts have attracted the attention
of mathematicians, beginning with J.-V. Poncelet [3] and C.G.J. Jacobi
[2]. Recent computer animations, which were carried out by Dan Reznik
(Brazil), stimulated a new vivid interest on this well studied objects.

The sides of any billiard in an ellipse e are tangent to a confocal
ellipse or hyperbola c¢ called caustic. It was Poncelet [3, p. 361] who
proved in the projective setting: If one billiard in e with caustic ¢ closes
after N reflections, then it closes for each choice of the initial vertex
P, € e. The variation of P; on e defines a socalled billiard motion, though
this variation neither preserves angles or side lengths nor is a projective
motion. However, the total length of the periodic billiard is invariant, and
Reznik [4] identified about 80 other invariants, e.g., the sum of cosines of
the interior angles.

After recalling a result of Poncelet in Theorem 1, the goal of this paper
is to present new invariants of billiard motions concerning the diagonals.
We confine ourselves to the cases with an ellipse as caustic (note [6, The-
orem 1]), though most of the results hold also for hyperbolas as caustics.

As introduced in [5], for each billiard P P, ... exists a conjugate bil-
liard P{Pj ... where in a certain sense vertices P; and the contact points
Q; with the caustic ¢ change their roles (see Figure 1).

The extended sides of a billiard intersect at points which define the as-
sociated Poncelet grid and are located on confocal ellipses and hyperbolas.
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Al
Py

Figure 1: A periodic billiard Py P, ... P5 in e with caustic ¢ along with the
conjugate billiard P{Pj ... P..

We follow the notation in [5] and define

) . { (Pi—k—1, Piik) OV [Pigp, Piyry1]  for j =2k, (1)
v [Pk Pik1]) N [Pigr, Piyry1]  for j=2k—1

where 4,7 = 1,2,.... Then for fixed j, the points Sl(j) are located on a
confocal ellipse el?), which remains invariant under the billiard motion 5,
Theorem 3.6]. The principal semiaxes of e and e are

ac(ath —d’ke) (a2 — d°k.)? + 4d°b2K?
azbz — k2 7 P T (b2a2 — 302k, (a2b2 — dPk.) — 4d2b2K2

Qe|l =

with (ac, b.) and (ae,b.) as respective semiaxes of the confocal ellipses ¢
and e, and k. = a2 — a?.

For fixed i, the points Siu), SZ-(?’), ... belong to the confocal hyperbola
through @Q;, while the points S§2),S§4)7 ... are located on the confocal

hyperbola through P; (Figure 2).

2 Diagonals of billiards
Theorem 1. Let PP, Ps ... be a billiard in the ellipse e with sides tan-
gent to the confocal ellipse c. Then for fixred j = 1,2, ..., the envelope of
the diagonals P;Pii ;i1 is a coazial ellipse he;, provided that in the case
of N-periodic billiards with even N holds j < [#]
The ellipse he|; has the semiazes

aclc bebe

a; = b, =
J 9 ] )
Qelj bey
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Figure 2: The periodic billiard P, P, ... Pg inscribed in e with the caustic
c along with the envelopes he|q, hej2 of diagonals. The polarity in the
ellipse p.|; (dotted) sends the vertices to first diagonals.

where (ae|;,be|;) are the semiaxes of the ellipse el (Figure 2). The el-
lipses heja, heys, - .. belong to the pencil spanned by ¢ and e.

Remark. A projective version of this statement was already proved by
Poncelet [3, p. 326]. Jacobi proved in [2, p. 383-385] that in the particular
case with circles e and c the envelopes h,|; are circles included in a pencil.

Proof. We focus on the j-th diagonal P; P,y ;41 (with j vertices between P;
and P;1;y1). For the case of N-periodic billiards with even N we assume
0<y< [%] in order to exclude main diagonals through the center O.

The affine transformation

b
a: (m,y)»—)(ﬁm, —Cy> with e ¢ (2)

Qe be
sends PPy 1 to Q;_;Qi,;, where Q;_; and @ ; are contact points
of the conjugate billiard P/Pj... with the caustic ¢. The pole of the
line [@;_1,Qjy;] wr.t. ¢ is the point of intersection between [P]_;, P/]

and [P, ;, P/, ;]- This point belongs to the ellipse eV included in the
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associated Poncelet grid. According to our notation in (1), we obtain the

point S;Sﬁ,)c for j = 2k as well as for j = 2k + 1 (Figure 2).
Consequently, the a-images of the diagonals [P;, P4 41] for i = 1,2,...
and fixed j are tangent to the polar conic w.r.t. ¢ of the ellipse el?) with
semiaxes ag|; and b,;. This polar image is a coaxial ellipse with semiaxes

aZ/ae; and b2 /b.|;. By a~! it is sent to the ellipse with semiaxes

2 G0 and bj b? _ bebe
N be b

Gc Qelj Qelj

Qe @

elj

as the envelope h|; of the diagonals [P;, Pi1j41]. The ansatz

CL2 -582 b2 .y2 2 2 2 2
elj elj _ €z Y T Y
( g ) = () (e

€

results with regard to the coefficients of 2 and y»? in

azb; — aghy M7 Tz — a2
The substitutions a? = a? + ke, b2 = b2 + ke, aglj — a2 + ko, and
b2 ; = b2 + ke)j yield X = k| /ke and p=1-X. L)

Theorem 2. Let PP, Ps ... Py be an N-periodic billiard in the ellipse e
with the ellipse ¢ as caustic. Then for even N = 2k the main diagonals
P, P,y are diameters, and for even k, i.e., k = 2l, the pairs of diago-
nals [Py, Pivx] and [Py, Piyry1] belong to an involution with a constant
product of slopes

be b?

aca?’

S1 S92 =
In the case k = 21 + 1 we obtain the same constant product for the pairs
([P, Pivk)s [Py, Piypyyl) with P[Py ... Py as conjugate billiard.

Proof. The affine transformation « in (2) sends P; on a diameter with
slope s1 to the contact point Q;_; of the side P/_, P/ with the caustic ¢
(Figure 2). Therefore the diameter OQ)_; has the slope s1 - beae/acbe -
The direction of P/_, P! is conjugate to OQ_; w.r.t. ¢ and has the slope

_S1beae be be

a? " acbe Ge Qe S1

The side P/ ;P intersects the opposite side P/_, P/, at the point

Si(_lf_zl) at infinity which belongs to the same branch of the confocal hy-

perbola through Py, for N = 0 (mod 4) and P/, for N = 2 (mod 4).
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The relation between P;1; or Py ; on e and Sk +1 ) at infinity is the limit
of the affine scaling between the ellipse e with elliptic coordinate k. and
a confocal one with k¥ — co. Therefore, the slope s3 of OP;1; or OPZH

equals b./a. times the slope of the diameter through S(k 1), which is
conjugate to OQ;} w.r.t. c. Hence,
be —b.be
Sp=——
Ge Qe G S1
which results in the stated constant product s;s,.! O

For the case N = 4, which is characterized by a2b?—k? = 0, Theorem 2
yields the constant product s;sy = —b?/a?.

Theorem 3. Given a billiard Py P, ... in the ellipse e and j € {1,2,...},
the diagonal line [P;, P;1 ;1] is polar for even j to P+(J/2) and for odd j
to Piy((j+1)/2) w-T-t. a coaxial ellipse pe; with semiazes

C bC
Qe “ and by | — .
V @els be)

Proof. The affine transformation « from (2) with e — ¢ sends the points
P; and P, ;41 respectively to ngl,Q;ﬂ- 6 c. The tangents to ¢ at the

two latter points intersect at a point of el (note Flgure 2). For even j
it is the point S+( /2) and for odd j the point S j 1/2] The affine

scaling el?) — e maps these poles to the vertlces, as stated. Let (&,7)
denote the coordinates of these vertices. Then the polar of the point

Gelj  belj
(& P 7 be>

Saclj ., Mbelj
a2 a b2 b,

is sent by @' to the diagonal [P;, P;4;41]. Since this line satisfies

w.r.t. ¢, i.e., the line

=1

it is polar to (£,n) w.r.t. the ellipse p,|; with semiaxes as given in the
theorem. The polarity in p,|; sends points of e to tangents of h|; . O

ITheorem 2 could also proved similarly to Lemma 8 in [7]. This is caused by the
fact that canonical parameters of the initial points of the pair of diagonals differ by a
quarter of the period for e.
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3 An equivalence

There is a certain converse of Theorem 3. The projective version below is
a consequence of one of D. Reznik’s experiments.

Theorem 4. Let PiP>Ps... be a polygon inscribed in a conic e with
P, L Py fori=1,2,3.... Then the extended sides [P;, P;y1] are tangent
to a conic ¢ if and only if the first diagonals [Py, Ps], [Ps, P4], ... are polar

w.r.t. a conic p to the respective vertices Py, P3, ... .

Sketch of the proof. We use homogeneous coordinates (xg : x1 : x2) with
e: wory — o7 = 0 and an inhomogeneous parameter ¢ on e such that
Py = (t?:t;:1). P and P,y are conjugate w.r.t. p: > pipz;xy = 0 iff

pOOt?t?+1 +p1ititit1+p22+portitita(t; +ti+1)+p02(t12 +t?+1) +p12(ti+tit1) = 0.

The line [P;, P, 1] with homogeneous coordinates (1 : —(t; + ti4+1) : titit1)
is tangent to ¢ with the tangential equation Y ¢;jpu;ur = 0 iff

cootcr1 (tittirt) Feaatitig —2co1 (it 1) +2c0atitiv1—2c12titip (tit+tip1) =0.

The two conditions are equivalent iff

Poo = C22, Po1 = —2ci12, P11 = 2(c11 + co2), Po2 = c11, P12 = —2¢o1, P22 = Coo,
which proves the claim. U
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Abstract. Cartographic projection represents the relationship between the
reference surface of the Earth and its map image. In essence, it has a geometric
and mathematical character. In this paper, the emphasis is on the presentation of
geometric aspects in the selection and creation of cartographic projection, namely
the shape of the reference surface of the Earth, geometric characteristics of the
projected area, curves on reference surfaces and image shape requirements of
projected elements. These aspects are included, although often hidden in the
university textbook "Mathematical Foundations of Cartography", in the creation
of which I applied my mathematical logic, geometric eyes and cartographic heart.

Key words: cartographic projection, distortion, reference surface of the Earth

1 Introduction

The relationship between the reference surface of the Earth and its map image is
named cartographic projection. In essence, it has a geometric and mathematical
character. The shape of the reference surface of the Earth, geometric
characteristics of the projected area determine choice of the cartographic
projection and the distortions of the projected elements. In this paper, the
emphasis is on the presentation of geometric aspects in the selection and creation
of cartographic projection. These aspects are included, although often hidden in
the university textbook "Mathematical Foundations of Cartography" [2], in the
creation of which | applied my mathematical logic, geometric eyes and
cartographic heart.

2 Reference surfaces of the Earth and coordinates

The reference surface of Earth is the geometric surface that approximates the
surface of the Earth's body. In mathematical cartography, a reference sphere and
a reference ellipsoid are used, which is an oblate ellipsoid of revolution whose
axis is the earth's axis. The choice of the reference surface of the Earth and values
of its parameters greatly influences the values of distortions in the cartographic
projection. The lengths of the ellipsoid half-axes are a, b and the 1%t numerical
eccentricity e is:

2 2

g2 2 2b . 1)
a
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We define geographical coordinates on the Earth reference surface:

- ellipsoidal latitude ¢@: ¢ e (-90°, 90°), spherical latitude U : U e (-90°, 90°),
- ellipsoidal longitude A: 1e(-180°,180°), spherical longitude A: A1e(-180°, 180°).
- geocentric latitude S

tg = (1-€?) tgg, )

tgy =VJ1-¢€° tge. ®)

Using differential geometry they are the principal radii M, N specified at
defined point ellipsoid curvature:

a(l-e?) N a

M =  N=— o2
J-¢€?sin’ p)° J1-e?sin’ g @

3 Cartographic projections

- reduced latitude v

Cartographic projection defines mathematical relation between geographic
coordinates of corresponding points on two reference surfaces or between
geographic coordinates of the point on the reference surface and planar
coordinates of its image in the plane. From the point of view of algebraic
geometry, it is a relationship between two linear manifolds.
Classification of cartographic representations is realized using 3 criteria.
1%t criterion - distortions:
a, equidistant projections — lengths of a set of curves are preserved
b, equal-area (equivalent) projections— area values are preserved
¢, conformal projections — angles are preserved
d, compensational projections —angular and areal distortion are compensated
2" criterion - projection surface:
a, ellipsoid to the sphere
b, true projections (on the developable surfaces):
- azimuthal projection
- conical projection
- cylindrical projection
¢, artificial projections:
- pseudoazimuthal
- pseudoconical
- pseudocylindrical
d, polyconic projection
e, polyhedral projection
f, unclassified projection
3d criterion - position (cartographic projections on developable surface)
a, normal projection (polar)
b, transverse projection (equatorial)
¢, oblique projection
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The images of elements of reference surfaces are distorted in cartographic
projection, there are scale, angular and areal distortion.

The geometric interpretation of the length distortion at a point is an image of
a differential circle with radius ds, which is a Distortion Ellipse called the
Tissot’s Indicatrix (Fig.1).

Differential circle 5 Tissot’s Indicatrix

Fig. 1: Distortion Ellipse

Directions of axis a, b with extreme scale distortions, we call the principal
directions of the mapping. The image of the distortion ellipses at the
intersections of the geographical network in the Mercator-Sanson
pseudocylindrical projection is shown in Fig. 2 left [2].

Another way to geometrically represent the length distortion on a map is
isometric lines. Isometric line connects points with constant distortion, for scale
distortion mainly in direction of parallels or meridians. In Fig. 2 right are
isometric lines with constant distortion in the direction of the meridians in the
Mercator-Sanson projection. (Fig. 2 right).

e
PR

=)
P i1
/{4

b
Sy AU

Fig. 2: Distortion ellipses and isometric lines in the Mercator-Sanson projection

4 Some examples of cartographic projections with geometric
principle
In history, cartographic projections were created on a geometric basis. Azimuthal

perspective projections (orthographic, stereographic, gnomonic) of the reference
sphere into the plane were formulated in ancient Greece and were applied to the
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construction of maps of the Earth and astronomical map. The Fig. 3 shows the
image of the geographical network in orthographic, stereographic and gnomonic
projection into the plane in the oblique position. The construction of the image
of this geographical network in these projections is based on the methods of
descriptive geometry. [4].

S

]

Fig. 3: Geographical network in orthographic (on the left), stereographic (in the
middle) and gnomonic (on the right) projection into the plane in the oblique
position

Cylindrical perspective projections are also very well known, the names and
principles of which are given in the overview in the Fig. 5. Lambert isocylindrical
projection (Fig. 4) is the special case of the cylindrical projection, which is
equivalent projection and perspective projection on a cylindrical tangent surface
from an infinity point parallel to the diameter of the Equator.

X

Py!

S e S R — } '
7 S NS ’“3 w5 |
{ 2 | > . 2> A e/

oS : U =2 \:"h % T
i 4 HE(N ] |
| oy I‘J b, & v (’ \\
\_i_/ 7 =S 5 v

= - : == e

Fig. 4: Geographical network in Lambert isocylindrical equivalent projection

Conical perspective projections have a similar principle as cylindrical
projections. The Fig. 6 shows the image of the geographical network and the
boundaries of the continents in two conical projections with a moving center
lying in the plane of a parallel circle [2].
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|/\
7 i~
Gnomonic cylindrical projection - on the @
tangent cylindrical surface, projection center S - S:
is in the center of the reference sphere. ,/r”\
Mercator modified projection - on the tangent S

cylindrical surface, for projection center S it
holds: |SO|=0,4R.

Braun stereographic projection - on the
tangent cylindrical surface, projection center S
lies on the reference sphere.

Gall stereographic projection - on the secant
cylindrical surface in the parallel circles
with U, =+ 45°, projection center S lies on the

reference sphere.

Lambert isocylindric projection - equivalent
cylindrical projection on the tangent cylindrical
surface, center projection is infinity point S in
the equator plane.

Fig. 6: Conical perspective projections

Several cartographic projections are constructable and the image of the
geographical network are interesting geometric curves [4]. Fig. 7 shows
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pseudocylindrical projections, in which the geographical parallels are projected
as parallel lines and the meridians as different curves, in the figure on the left as
broken lines in the equidistance projection and on the right as circular arcs in the
Apian projection. Mercator-Sanson pseudocylindrical sinusoidal projection is
also one of the constructable projections (Fig. 2).

e

(EXT AR
(11T 1A

Fig. 7: Equidistant pseudocylindrical projection (on the left) and Apian
pseudocylindrical circular projection (on the right)

Examples of constructable projections equidistant on the parallels and also
equivalent are shown in Fig. 8, on the left Werner-Stabe pseudoazimuthal
projection and on the right Hassler polyconical projection.

Fig. 8: Werner-Stabe pseudoazimuthal projection (on the left) and Hassler
polyconical projection (on the right)

Fig. 9 shows August epicycloidal conformal projection (on the left) and Jervis
cycloidal projection (on the right), which are constructable. Article [1] deals with
these views in detail.
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Fig. 9: August epicycloidal conformal projection (on the left) and Jervis
cycloidal projection (on the right)

5 Geometric properties of projected area and choice of
cartographic projection

The shape, size and position of the projected area, according to which the type

and position of the display area is determined, or their number will be used in the

cartographic representation. An overview of the optimal choice of the projection
type is given in the Table:

The shape and position of the

projected area Cartographic projection

in the Pole area in polar position
Circular area| _in the Equator region | Azimuthal | in transversal position

in other places in oblique position
along the Equator in polar position
along the Earth meridian | Cylindrical | in transversal position
along the orthodrome in obligue position
Oblong area g quep
along the Earth parallel in polar position

along the cartographic Conical

parallel in oblique position

The influence of these criteria on the extreme length distortion is illustrated
in the following Fig. 10, where is a comparison of different types of cartographic
projections for the territory of Lithuania. The proposals were elaborated within a
student group project (Natalia Rusnékové, Stefan Cifersky, Marek Golian) in the
subject Mathematical Cartography. The aim was to design the cartographic
projection and calculation of its parameters in order to achieve a minimum length
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distortion in the area. Due to the shape, position and size of the territory of
Lithuania, it is appropriate to use the conical conformal projection in the oblique
position, in which maximal length distortion is +11.8 cm/km.

Azimuthal conformal

projection in the oblique _
position, length =131 1 ‘ %

distortion £13.2 cm/km

m =-13.2 cm/km
x

Conical conformal
projection in the polar
position, length distortion
+12.3 cm/km

m=+12.3 cm/km

Conical conformal
projection in the oblique
position, length distortion
+11.8 cm/km

m = +11.8 cm/km

m = +11.8 cm/km

Fig. 10: Proposal of cartographic projection due to the shape, position and size
of the territory of Lithuania
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6 Geometric properties of projected area and selection of
cartographic projection

At present and in the near past, several obligatory Geodetic coordinate systems

have been used in Slovakia:

* S-JTSK (S-JTSKO03), Bessel ellipsoid, Kfovak's conformal conical projection
in the oblique position,

* UTM (Zones 33N and 34N), ellipsoid WGS84 with parameters of GRS80,
projection Universal Transverse Mercator (conformal cylindrical projection in
tansversal position, on the secant cylindrical surface),

* S-42 (S-42/83/03), Krasovskij's ellipsoid, Gauss-Kriiger conformal cylindrical
projection in transversal position, on the tangent cylindrical surface,

*« ETRS89 (ETRF2000), spatial coordinate system related to the GRS80
ellipsoid.

The transformations between different coordinate systems are based on their
geometric factors, namely the geometric parameters of the ellipsoid and the type
of cartographic projection. One of the transformations is shown in the diagram
in the Fig.11.

Transformation of ETRS 89 (ETRF2000) coordinates
on the S-JTSK (S-JTSKO03) coordinates

GRS80:
ETRS 89 (ETRF2000)

— X¢rse Yerss Zgrs related to the ellipsoid GRS80 (higzs=0)

A=

Helmert's transformation
Bessel,

of ellipsoid GRS80 (ETRS89 (ETRF2000)) to
Xg, Y5, Z3 Bessel ellipsoid 1841 (S-JTSK (S-JTSK03))

‘% Kiovak's projection — 4 transformation steps

Conical B gy i
surface

/

S-JTSK (S-JTSK03)
—pravouhlé rovinné suradnicex,y obrazov bodov Besselovho elipsoidu

Fig. 11: Principles of the transformation ETRS89 (ETRF2000) on the S-JTSK
(S-JTSKO03) coordinates

Kfovak's conformal conical projection in the general position applied in the

S-JTSK system is not an optimal for the Slovak Republic, extreme length
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distortions are from -10 to 11 cm/km. In 2010, at the request of the Geodesy,
Cartography and Cadastre Authority of the Slovak Republic, Lambert's
conformal conical projection in a normal position with parameters for the Slovak
Republic was prepared (LCC for SR) and published in [3]. LCC for SR respects
the geometric properties of the territory of Slovakia, therefore the maximum
distortions are only +6.7 cm/km (Fig. 12).
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Fig. 12: Lambert's conformal conical projection for the Slovak Republic

7 Conclusion

Geometry in mathematical cartography takes various forms, which we have tried
to show in this paper. Geometrical properties of reference surfaces and projected
areas must be accepted in the creation of cartographic representation, but at the
same time knowledge from several mentioned areas of geometry is needed.
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Abstract. A brief look back and an overview of the 30-years history of
professional seminars on geometry and graphics held in Slovakia from the year
1991 is presented in this paper. Seminars have developed into the international
Symposiums on Computer Geometry organized by the Slovak Society for
Geometry and Graphics until 2014. These international conferences were joined
from the year 2015 with the Conference on Geometry and Graphics held annually
in the Czech Republic by the Czech Society for Geometry and Graphics.
Successful 6 meetings of Slovak and Czech scientific communities active in
geometry and computer graphics organised alternately in the Czech Republic and
Slovakia were useful and fruitful. The 7th common Slovak-Czech Conference on
Geometry and Graphics took place in Ko¢ovce, Slovakia, in September 2021.

Keywords: seminars on geometry and graphics, events historical overview, joint
conferences of SSGG and CSGG

Klucové slova: seminare o geometrii a grafike, prehlad historie podujati,
spolo¢né konferencie SSGG a CSGG

1 Uvodom

Myslienka organizovat’ celostatne odborné seminare z geometrie sa zrodila na
Fakulté strojniho inzenyrstvi Ceského vysokého uéeni technického v Prahe. Tito
iniciativu vyvinuli a Gspe$ne zrealizovali uditelia geometrie v roku 1981, kedy
sa v AlSovicich pri Prahe konalo prvé stretnutie Odbornej skupiny pre geometriu
utvorenej v ramci ¢innosti Jednoty ¢eskoslovenskych matematikov a fyzikov.
Podnetom pre vznik tychto pravidelnych kazdoroénych didakticko-vedeckych
stretnuti odbornikov z celej republiky bolo centralne nariadené zavedenie nového
predmetu Pocitadova grafika na vSetkych strojnickych fakultach technickych
vysokych kol vtedajsej CSSR. Vznikla naliehava potreba riesit mnohé
nedomyslené problémy a otazky suvisiace s obsahom predmetu, jeho technickym
zabezpeéenim a nedostatkom odbornej literatiry pre ulitelov, nevraviac
0 neexistujucej Studijnej literatare pre Studentov a chybajtcej koncepcii a zmyslu
vyucby samotného predmetu. Seminare sa konali striedavo v Cechach, na
Morave a na Slovensku, vzdy pod zastitou inej technickej vysokej skoly, [2].
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6.-8.5.1981 Algovice, Cechy
2.-4.6.1982 Rackova dolina, Slovensko
8.-10.6.1983 Luhacovice, Morava
2.-5.5.1984 Herbertov, Cechy

11.-13.6. 1985 Zemplinska Sirava, Slovensko
12.-15.5.1986 Celadné, Morava
22.-25.5.1987 Zadov, Cechy

6.-10. 6. 1988 Rackova dolina, Slovensko
18.-22.5.1989 Rackova dolina, Slovensko
11.-15.6.1990 Podolanky, Morava

Od roku 1991 sa vyvoj spoloCnosti a politicka situacia na Slovensku
a v Cechach a na Morave za¢ali uberat’ inym smerom, nase cesty sa na dlhsie
obdobie rozdelili a situacia vyustila v roku 1993 do rozdelenia vtedajsej Ceskej
a slovenskej federativnej republiky na dva samostatné Staty, Slovensku republiku
a Cesku republiku. Nova situdcia v samostatnom §kolstve na Slovensku si
vyziadala vytvorenie vlastnych odborno-didaktickych podujati pre potreby
slovenskej geometrickej komunity pdsobiacej na slovenskych vysokych skolach
technickych, najmid na fakultich stavebnych a strojnickych a na fakultach
architektiry, kde zostali predmety Deskriptivna, resp. Konstrukéna geometria
a Pocitacova grafika pevnou sucast'ou Studijnych programov.

2 Nesmelé zaciatky

V akademickom roku 1991/92 sa skupina vysokoskolskych uciteliek a ucitelov
matematiky a deskriptivnej, resp. konStrukénej geometrie na technickych
vysokych Skolach na Slovensku dohodla na organizécii spolo¢nych odbornych
seminarov zameranych predovSetkym na didaktické aspekty vyucby geometrie
a pocitacovej grafiky na niektorych fakultich tychto §kol. Seminare boli
organizované raz mesacne ako jednodinové odborné stretnutia nadvézujlice na
celostatne odborné seminare organizované v spolocnej republike do roku 1990.

Prispevky prednesené na tychto stretnutiach boli suborne publikované
v zbornikoch podujati, ktoré editane zabezpeCovali Strojnicka fakulta
Slovenskej technickej univerzity v Bratislave a Materialovo-technicka fakulta
v Trnave. Ucastni¢kami a G¢astnikmi tychto odbornych stretnuti v akademickom
roku 1991/92 s nazvom Seminar o pocitacovej geometrii, boli v poéte 10
vysoko§kolské ucitel’ky a ucitelia zo Strojnickej fakulty STU v Bratislave
a Materialovo-technickej fakulty STU v Trnave, zo Stavebnej fakulty Technickej
univerzity v Kosiciach a z Vysokej §koly dopravy a spojov v Ziline.
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Obsah prvého zbornika je nasledovny.

Proceedings of Seminars on Computational Geometry, 1991/1992

MtF STU Trnava, SjF STU Bratislava, JSMF Trnava 1991/1992

Contents

Vaclav Medek, Jozef Zamozik, Karol Gajdos: Decomposition of a Planar Region
Daniela Velichova: Creative Geometry

Daniela Velichova: Visibility

Ondrej Gallo: Qualities of Envelope Helical Surfaces Generated by a Surface of
Revolution

Jaroslav Husaréik: Algorithm for Computer-aided Drawing the Curve F(x,y) =0

Marian Halabrin, Jozef Zamozik, Maria Misatova: Convex Hull of a System of Points

Seminare sa konali striedavo v Bratislave, Trnave a v Ziline, posledny treti
ro¢nik prebehol v akademickom roku 1993/94.

3 Medzinarodné sympdézia

Komorné odborno-didaktické podujatia sa postupne ¢asom rozirili az na
medzinarodné Sympoézia organizované raz do roka, od roku 1995 pravidelne
v Kocovciach, v rekreaéno-vyukovom zariadeni Stavebnej fakulty STU. Pozvani
zahrani¢ni hostia zo susednych statov, Ceskej republiky, Rakiiska, Madarska,
Pol'ska, Slovinska a Chorvatska sa stali pravidelnymi ti¢astnikmi sympozii, ktori
obohatili odborny program cennymi prispevkami po didaktickej aj odborno-
vedeckej stranke. Z domacich univerzit pribudli ti€astnici zo Stavebnej fakulty
STU v Bratislave, z Vysokej $koly pol'nohospodarskej v Nitre, z Technickej
univerzity vo Zvolene a z Matematicko-fyzikalnej fakulty Univerzity
Komenského v Bratislave. Ich pocet postupne rastol a v roku 1996 sa sympoézia
zlcastnilo az 44 ucastni¢ok a ucastnikov z deviatich krajin Eurdpy.

Obr. 1: Utastnicky a Gi¢astnici sympozia SCG'96 v Kotovciach
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Proceedings of Seminars on Computational Geometry SCG'96

SjF STU Bratislava, SvF STU Bratislava, September 1996, Koc¢ovce

Contents

Maria Misutova (SR): Jeden z pristupov ku konstrukcii hranice mnoziny bodov
Edita Vrankova (SR): Algoritmus hustych rozmiestneni dvoch mnohouholnikov s
vyuzitim stredovej simernosti

Hana Sthpalova (SR): Niektoré algoritmy spracovania bitmapovych obrazov

Daniela Richtarikova (SR): Rozsirenie vyuébového programu zobrazovania scén
zlozenych z mnohostenov

Andrej Ferko, Elena Sikudova (SR): O niektorych trendoch v poéitadovej grafike
Ewa Kalinowska (Pol'sko): Computer Aided Teaching about Transformations of Basic
Elements in Monge's Projection

Henryk Glinski (Pol'sko): Using AutoCAD in Teaching Geometry - Examples

Anna Blach, Ewa Kalinowska (Pol'sko): Choice of Computer Programs in Aspect of
Their Use in Geometry

Pal Ledneczki (Mad’arsko): Motivation and Solving Geometric Problems with Maple
Jan Cizmar (SR): O vyzname zakladného pol'a v geometrii alebo nie je rovina ako
rovina

Viclav Sobr (CR): Kiivky konstantni &iiky na jednodilném hyperboloidu

Stefan Novotny (SR): Algoritmus pre zobrazenie koneénej geometrie (4,3)

Imrich Komara (SR): Harmonické vlastnosti istej nelinearnej relacie

Wolfgang Rath (Rakusko): A Software Package for Non-Euclidean Geometry

Borut Zlobec Juréi¢, Neza Mramor Kosta (Slovinsko): Algebraic Description of Some
Geometric Constructions

Hellmuth Stachel (Rakusko): Flexing Models of Quadrics

Ludmila Czech (Pol’sko): Application of Universal Conic Construction

Gunter Weiss (Rakusko): Attracting Process on Point and line Configurations in the
Real Projective Plane

Lidija Pletenac (Chorvatsko): Interactive Surface Design Using AutoCAD

Andreas Asperl, Walter Klein (Rakusko): Computer Aided Geometry Lessons in
Austrian Schools

Dagmar Szarkova (SR): Charakteristika obalovej rotaénej plochy vytvorenej rotatnou
plochou

Sona Kudlickova (SR): Krivky triedy C/GC a C/C k interpolacii a aproximacii danej
mnoziny bodov

Valent Zat'ko (SR): Some Expressions of Blossoms

Anna Blach (Pol'sko): Modelling an Engineer Profile throught Teaching Geometry and
Engineering Graphics

Antonina Zaba (Pol'sko): Geometric Aspects of Studies of Baroque lllusive Frescos
Bernd Liebscher (Nemecko): CoGeo-Design , Implementation and Application of a
System for Teaching Computer Geometry

Vsevolod Michajlenko (Ukrajina): Descriptive Geometry and Computer Graphics as
United Discipline

Daniela Velichova (SR): Osma medzinarodna konferencia o technologiach v
univerzitnej matematike ICTCM 95

Od roku 1998 uz boli zborniky Sympozii o pocitacovej geometrii SCG
vydavané aj s pridelenym ISBN ¢islom. Uplny archiv vsetkych konferencii so
zoznamom Ucastnikov, obsahom zbornika kazdého ro¢nika a albumom fotografii
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je k dispozicii k nahliadnutiu na informaénych strankach sympodzia na adrese
http://www.ssgg.sk/scg/ v adresari http://www.ssgg.sk/scg/seminare.htm, ktoré
st suéastou webovych stranok Slovenskej spolo¢nosti pre Geometriu a Grafiku,
na adrese [1].

Spolo¢nost SSGG, ktora bola oficidlne zaregistrovana 13.5.2002 na
Ministerstve vnutra Slovenskej republiky ako obcianske zdruZenie, sa ujala
organizacie podujati a administracie ich webovych stranok s on-line registraciou.
V archive st od roku 2003 v obsahu zbornika uvedené tiez abstrakty
publikovanych ¢lankov, ktoré boli na prislusnom symp6ziu prezentované.

V roku 2009 vznikol v ramci ¢innosti Slovenskej spolo¢nosti pre Geometriu
a Grafiku Slovensky GeoGebra Institat, na zaklade iniciativy International
GeoGebra Institute vytvorit' lokdlne institaty. Pocas sympézia SCG2009 sa
konal prvy Slovensky GeoGebra workshop, jednodfiové podujatie, ktoré sa stalo
sucastou vsetkych nasledujucich ro¢nikov. Programom tychto didakticko-
odbornych pracovnych stretnuti aktivnych pouzivatel'ov softvéru GeoGebra st
prezentacie vlastnej tvorby a zdiel'anie vytvorenych ucebnych materialov, ktoré
autorky a autori vyuZivaji vo svojej pedagogickej praci, ako aj kratke
inStruktdzne prednasky renomovanych pouzivatel'ov softvéru pre zaciatocnikov.
Workshopy su organizované pre vSetkych zdujemcov zo zakladnych §kol az po
univerzity, ucast’ je bezplatna. Maju sluzit' ako forum pristupné pre ucitel’ky
a ucitel'ov matematiky a geometrie na vsetkych typoch §ko6l, umoznujice zdielat
navzajom svoje skusenosti, upozornit’ na mozné problémy, ¢i predstavit’ svoje
uspechy a dobré vysledky dosiahnuté pouzivanim najnovsich informaénych
technologii a komunika¢nych prostriedkov vo vyuébe geometrie a matematiky.
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Obr. 2: Utastnitky a u¢astnici sympézia SCG'2013
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Pocet ucastnikov sympozii za¢al od roku 2013 klesat, a v roku 2014 sa
podujatie konalo na Strojnickej fakulte STU v Bratislave s komornym po¢tom
26 pritomnych. Podobna situacia nastala aj v Ceskej republike, kde pocet
castnikov konferencii organizovanych Ceskou spolegnosti pro geometrii
a grafiku tiez neustale klesal. Pocas 33. Konference o geometrii a grafice, ktora
sa konala roku 2014 v Ceskej republike v Novém Mésté na Moravé, sa pritomni,
¢lenky, ¢lenovia a vedenie oboch spolo¢nosti, dohodli na obnoveni tradicie
spolo¢nych stretnuti od roku 2015.

4 Spolo¢né konferencie

Slovenska spoloénost’ pre Geometriu a Grafiku sa ujala Glohy zorganizovat prva
Slovensko-¢esku konferenciu o geometrii a grafike ako spolo¢né podujatie,
subeh ,slovenského* Sympdzia o pocitacovej geometrii SCG'2015 a ,,Ceskej*
35. Konference o geometrii a grafice. Podujatie, ktoré sa stretlo s mimoriadne
pozitivnym ohlasom, sa konalo v razovitej slovenskej obci Terchova.

57 pritomnych zo Siestich krajin (Slovensko, Ceska republika, Polsko,
Mad’arsko, Raktisko, Australia) stravilo prijemné tri runé dni naplnené nielen
kvalitnym odbornym programom podujatia. Tvoriva pracovna atmosféra bola
umocnena krasnou prirodou malebnej Malej Fatry, pohostinstvom obyvatel'ov
obce Terchova a zivou zdbavou pocas spolocenského vecera, na ktorom si vSetci
pritomni spolo¢ne schuti zaspievali za sprievodu miestnej hudobnej skupiny
S nezvycajnymi tradicnymi 'udovymi hudobnymi néstrojmi.

Rovnako uspesné boli aj ostatné ro¢niky spolo¢nych konferencii, ktoré sa
konali striedavo v Ceskej republike a na Slovensku.

12.-15.9. 2016 Roznov pod Radhostém, CR
11.-4.9. 2017 Vrsatské Podhradie, SR
10.-13.9. 2018 Blansko, CR
9.-12.9.2019 Trencianske Teplice, SR
7.-10. 9. 2020 Pardubice, CR

Obnovena tradicia spolo¢nych podujati potvrdila, aké blizke si aj nad’alej
ostavaju slovenska a ¢eska komunita, aké takmer identické problémy je potrebné
riesit’ v oboch krajinach v suvislosti s klesajucim zdujmom o $tidium geometrie
a prirodnych vied v§eobecne, ¢i ako Gspesne napreduje vyvoj a vedecké badanie
vV oblasti geometrie, geometrického modelovania a pocitacovej grafiky.
Konferencie tiez ukazali, aka potrebna je vzajomna spolupraca, informovanost’
0 diani v naSich republikach a udrziavanie spolo¢ného kontextu dlhoro¢nych
tradicii vzajomnej podpory a spoluprace, ¢i uz v oblasti pedagogicko-didaktickej
alebo vedeckej Cinnosti.
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Organizatori 6. &esko-slovenskej konferencie v Pardubiciach v Ceskej
republike v kritickom roku 2020 pocas celosvetovej pandémie Covid 19 si
zaslizia mimoriadne uznanie za usporiadanie konferencie v tomto naro¢nom
obdobi, a v hybridnej forme, ked umoznili Gc¢astnickam a ucastnikom zo
Slovenska, ktori sa nemohli konferencie zicastnit’ prezen¢ne kvoli karanténnym
protipandemickym opatreniam, predniest’ svoje prispevky on-line.

5 Zaverom

Ostatnym uspe$Snym spolo¢nym podujatim Slovenskej spolo¢nosti pre
Geometriu a Grafiku a Ceské spole&nosti pro geometrii a grafiku je 7. slovensko-
Ceska konferencia o geometrii a grafike, ktord sa konala 13. — 16. 9. 2021
v Ko€ovciach na Slovensku. 34 ugastni¢ok a ucastnikov zo Slovenskej republiky,
z Ceskej republiky a z Rakska stravilo tri slneéné septembrové dni konéiaceho
sa leta v renesanénom kastieli, ktory je rekreacno-vycvikovym strediskom
Stavebnej fakulty STU v Bratislave. Po siedmich rokoch sa konferencia konala
opat’ v Kocovciach, v zrekonsStruovanych priestoroch historickej budovy,
aj v novej modernej budove v prednaSkovej sale vybavenej najnovSou
prezentac¢nou technikou.

Obr. 3: Uast na 7. slovensko-Geskej konferencie o geometrii a grafike

Obzvlast prijemnym poznanim je skutocnost, ze podujatia sa pravidelne
a radi zGCastiiuji najvyznamnejSie eurdpske vedecké osobnosti v oblasti
geometrie, aplikovanej geometrie, geometrického modelovania a pocitacovej
grafiky, ktorymi nesporne st profesor Gunter Weiss a profesor Hellmuth Stachel
z Rakuska, profesor Emil Molnar z Mad’arska, profesor Pavel Pech a profesor
Miroslav Lavitka z Ceskej republiky, ako aj profesor Jan Cizmar, docentka
Maria Kmetova a docentka Margita Vajsablova zo Slovenska, ktori svojimi
zaujimavymi, podnetnymi a fundovanymi prednaskami prispievaju k vysokej
odbornej kvalite konferencii.
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Vsetky prispevky, ktoré odzneli na konferencii, boli na vysokej odbornej
urovni a prezentované kultivovanym prednesom sktsenych prednasajucich,
0 ¢om sved¢i aj zaujem, s akym ich vzorne sledovali vSetci ucastnici. Pozornym
posluchackam a posluchaCom priniesli mnoho podnetnych myslienok,
in$pirativnych napadov, a istotne aj mnoho novych poznatkov. Za tieto
zodpovedne pripravené prispevky patri vSetkym prezentujucim naSe uznanie,
obdiv a srde¢na vd’aka od organizatoriek konferencie.

Potesujucim zistenim je aj fakt, ze na konferenciach sa uspesne zcCastiiuje
mlada generacia. Svoje prvé, ale i d’alSie vedecké ¢i didaktické prispevky na
tomto fore prednasSaji mnohé Studentky a Studenti doktorandskych studijnych
programov zameranych na prislu$né pedagogické a vedné odbory. Nepochybne,
aj zasluhou sktsenosti nadobudnutych svojimi prezentaciami v komornom,
avSak profesionalne vysoko erudovanom prostredi tychto spolo¢nych stretnuti
stredoeurdpskej geometrickej komunity mali a autorka veri, Ze aj nad’alej budu
mat’ moznost’ postupne vyrast na mladé uspesné vedkyne a uspeSnych vedcov.
St tou najlepSou zarukou, Ze tato uzitona tradicia stretnuti profesionalov
v oblasti geometrie nezanikne.

Literatura

[1] Slovenska spolo¢nost’ pre Geometriu a Grafiku, webstranka na adrese
http://www.ssgg.sk

[2] Ceska spolegnost pro geometrii a grafiku, webstranka na adrese
http://www.csgg.cz
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Twisted Filaments with Polyhedral
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Abstract. Twisted filaments are common structures in nature.
We describe a geometric method of their creation such that they
possess symmetries given by predefined polyhedra. We start from a
“well-chosen” polyhedron mapped to a circumscribed 2-sphere. Using
the Hopf fibration, the preimages of the vertices on the 2-sphere create
circular fibers on a 3-sphere. Moreover, circles around the vertices on a
2-sphere form torus filaments around the fibers on a 3-sphere. After all,
we visualize the filaments inside of the 3-sphere in a double-orthogonal
projection and stereographic projection.

Keywords: Twisted filaments, polyhedron, multidimensional visualiza-
tion, torus, Hopf fibration.

1 Introduction

(b)

Figure 1: a) twisted tree bark (a picture from the conference excursion),
b) twisted strings.

Our universe provides us with magnificent structures. One of such
structures is twisted filaments or tubes briefly described in the following
lines. They can be found in organic and synthetic materials, physical
phenomena, design, and so forth (see Figure 1). Imagining a twisted
stack of cables, we might ask how many of them touch each other or
wonder about their inner organization. We describe a method to cre-
ate filamentous structures defined by selected polyhedra. Our results
will create twisted filaments in a four-dimensional space. However, their
stereographic projection into a three-dimensional space will create im-
pressive surface structures worth studying. This contribution is based on
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the studies of twisted filaments [2, 1], and it is an extension of [5] with
further generating polyhedra. The four-dimensional visualization method
through double orthogonal projections used for figures is described in [3]
and connection to stereographic projection in [4]. The visualizations in
this paper are created in Wolfram Mathematica.

2 Constructing twisted filaments
2.1 The Hopf fibration

Our creation of twisted filaments is based on a topological mapping be-
tween 3-spheres and 2-spheres called the Hopf fibration. A 2-sphere is a
classical sphere embeddable into a 3-dimensional space, and a 3-sphere is
its generalization embedded in a 4-dimensional space. In the Hopf fibra-
tion, circles on a 3-sphere are mapped to points on a 2-sphere. In this
paper, we will use the opposite direction and map points on a 2-sphere to
circles on a 3-sphere. A point P on the (doubly covered) unit 2-sphere with
coordinates P = (cos psin, sin @ sin i, cos ), for ¢ € (0,4m), ¢ € (0,7)
gives a circle:
pre sin 4 sin pre sin 4 cos p_£ cos i sin L cos %)
2 2’ 2 2’ 2 2’ 2 2
for & € (0,2m) on the unit 3-sphere. Distinct points on the 2-sphere
give non-intersecting circles on the 3-sphere. Furthermore, circles on the
2-sphere correspond to tori on the 3-sphere.

2.2 The process (Figure 2)

1. In the first step, we choose a polyhedron with edges of equal length
such that its projection to a circumscribed 2-sphere preserves the
equality of arc lengths (Figure 2a). For example, uniform convex
polyhedra (names listed in Figure 4) are in a (non-exclusive) subset
of polyhedra with this property.

2. Next, we project the vertices of the polyhedron on a 2-sphere and
connect them with equiradial circles around the projected vertices
(Figure 2b).

3. Using the “inverse” Hopf fibration, vertices on the circumscribed 2-
sphere become fibers on a 3-sphere; circles with points of tangency
on the 2-sphere become tori with circles of tangency on this 3-sphere.

4. Let the unit 3-sphere be in the cartesian coordinate system with
axes ,y, z, w with center (0,1,0, 1) and project it orthogonally into
3-spaces x,y, 2 and z, z, w. The orthogonal images in the 3-spaces
are balls. The final image consists of two conjugated 3-dimensional
models placed to each other with common plane (z,z) and orthog-
onal axes y and w with opposite orientations (Figure 2c).
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Figure 2: a) truncated dodecahedron, b) projection of the vertices into
a sphere with surrounding tangential circular areas, ¢) double orthogonal
projection of the Hopf tori generated by circles (filaments are restricted
for better visualization), d) cross-section of the stereographic image of
filaments.
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5. Furthermore, the sphere is stereographically projected from its pole
((0,2,0,1) in our figures) onto the tangent 3-space in the antipodal
point. Stereographic projection preserves circles and tori, but not
their equal radii. The cross-section through the plane of symmetry
is visualized in Figure 2d. A short analysis of geometric properties
is in Figure 3.

Figure 3: A geometric analysis of the stereographic image of twisted fila-
ments generated by truncated dodecahedron. The filamentous structure
holds inner vertex, edge, and face symmetries. Each filament (torus) cor-
responds to one vertex of the truncated dodecahedron. There are sixty
filaments in total. Filaments touch along ninety circles (fibers of points of
tangency after the projection of the polyhedron onto a 2-sphere), which
correspond to edges. Twenty triangular faces are highlighted in red and
twelve decagonal faces in green. The distortion of distance (radii of the
tori) is caused by stereographic projection.
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3 Conclusion

(a) (b)

() (2)

(c) (d) (e)
(h) (i) @

(m) (n)

(a) (x)
Figure 4: Sterecographic images of filaments generated by a) tetrahedron,
b) hexahedron, c¢) octahedron, d) dodecahedron, e) icosahedron, f) trun-
cated tetrahedron, g) truncated hexahedron, h) truncated octahedron,
i) truncated dodecahedron, j) truncated icosahedron, k) snub hexahedron,
1) snub dodecahedron, m) cuboctahedron, n) icosidodecahedron, o) small

rhombicuboctahedron, p) great rhombicuboctahedron, q) small rhombi-
cosidodecahedron, r) great rhombicosidodecahedron.

(0) (p)
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We have briefly demonstrated a method to create twisted filaments in
four-dimensional space with the properties of uniform convex polyhedra.
The two main substances were the Hopf fibration —making circles from
vertices; and stereographic projection — mapping points on a 3-sphere
into a 3-space. Substituting polyhedron’s vertices with tangential fila-
ments and edges with circles of tangency, we have created filamentous
structures carrying identical structural symmetries. The gallery of stere-
ographic images of all filamentous structures generated by this method
over convex uniform polyhedra is in Figure 4.
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